
Introduction to Time and Frequency Metrology concepts

Diego Luna

May 23rd, 2022

2022 SIM T&F workshop and meeting Introduction to T&F Metrology concepts May 23rd, 2022 1 / 44



The International System of Units (SI)

2022 SIM T&F workshop and meeting Introduction to T&F Metrology concepts May 23rd, 2022 2 / 44



The International System of Units (SI)

2022 SIM T&F workshop and meeting Introduction to T&F Metrology concepts May 23rd, 2022 3 / 44



T & F in the International System (SI)

Second (s): Definition

The second, symbol s, is the SI unit of time. It is defined by taking the
fixed numerical value of the caesium frequency ∆νCs, the unperturbed
ground-state hyperfine transition frequency of the caesium-133 atom, to
be 9 192 631 770 when expressed in the unit Hz, which is equal to s−1.

Segundo (s): Definición (No oficial!)

El segundo, cuyo śımbolo es s, es la unidad de tiempo del SI. Se lo define
estableciendo el valor numérico fijo de la frecuencia del cesio ∆νCs, la
frecuencia de la transición entre niveles hiperfinos del estado fundamental
no perturbado del átomo de cesio-133, igual a 9 192 631 770 cuando es
expresada en unidades de Hz, que es igual a s−1
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This definition implies the exact relation ∆νCs = 9 192 631 770 Hz.
Inverting this relation gives an expression for the unit second in terms of
the defining constant ∆νCs:

1Hz =
∆νCs

9192631770
or

1s =
9192631770

∆νCs

The effect of this definition is that the second is equal to the duration of 9
192 631 770 periods of the radiation corresponding to the transition
between the two hyperfine levels of the unperturbed ground state of the
133Cs atom.

https://www.bipm.org/en/si-base-units/second
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The International System of Units (SI)

Copyright Mauricio López!

2022 SIM T&F workshop and meeting Introduction to T&F Metrology concepts May 23rd, 2022 8 / 44
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The International System of Units (SI)

Time and frequency measurements play a fundamental role in basic
reseach.

Measurement of the fundamental constants (c, α, R) and their
possibly time variation

Test the validity of the special and general theory of relativity

Very high accuracy spectroscopy

Astronomy, Radio Astronomy and Astrophysics
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The International System of Units (SI)

Time and frequency metrology is also crucial in telecommunication
networks, navegation systems among other important technological

applications

Communication (5G)

Satellite Navigation (GPS, GLONASS, GALILEO)

Time Synchronization for World Financial Markets (High-Frequency
Trading)
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The International System of Units (SI)

Evolution of the accuracy of atomic clocks

Figure : Evolution of the accuracy of atomic clocks

http://www.bipm.org/en/news/full-stories/2017-07-definition-second.html
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T & F in the International System (SI)

Two units of measurement in the International System (SI) apply to time
and frequency metrology

Second (s)

The base unit for the quantity time is the second

One of the 7 base SI units

The symbol for second is s

Hertz (Hz)

The derived unit for the quantity frequency is the hertz

Defined as events per second

One of 22 SI units derived from base units

The symbol for hertz is Hz
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Three basic types of time and frequency information

Date and Time-of-Day

The notation used to describe when an event occurred. I was born on
September 3, 1980 at 0800 UTC

Time Interval

The duration between two events The record in the 100 metres for men is
9.58 seconds.

Frequency

The rate of a repetitive event This device has to be calibrated once a year
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T & F in the International System (SI)

The units of time of day are defined as multiples of the SI second

1 minute = 60 seconds

1 hour = 60 minutes or 3600 seconds

The hour and the minute are Non-SI units accepted for use with the
SI

The symbols are h and min. Remember: hs nor mins

Hour and minutes are based on the sexagesimal (base 60) system that is
around 4000 years old. Days are based on the duodecimal (base 12)
system that is at least 3500 years old.

https://www.bipm.org/en/publications/si-brochure/table6.html

2022 SIM T&F workshop and meeting Introduction to T&F Metrology concepts May 23rd, 2022 15 / 44



T & F in the International System (SI)

The units of time interval are defined as fractional parts of the SI second

millisecond = 1× 10−3 s

microsecond = 1× 10−6 s

nanosecond = 1× 10−9 s

picosecond = 1× 10−12 s

The sub-second units are all relatively new (within the last few hundred
years) and all use the decimal (base 10) system.
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T & F in the International System (SI)

The units of frequency are expressed in hertz, or in multiples of the hertz

hertz (Hz) = one event or cycle per second

kilohertz (kHz)= 1× 103 Hz

megahertz (MHz)= 1× 106 Hz

gigahertz (GHz) = 1× 109 Hz
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The relationship between frequency and time interval

We can measure frequency to get time interval, or we can measure time
interval to get frequency. This is because frequency is the reciprocal of

time interval:

f =
1

T
(1)

Where T is the period of the signal in seconds and f is the frequency in
hertz.

2022 SIM T&F workshop and meeting Introduction to T&F Metrology concepts May 23rd, 2022 18 / 44



Wavelength

The wavelength is the length of one complete wave cycle, expressed in
units of length

λ =
c

f
(2)

Where c is the speed of light: a constant of 299 727 738 m s−1

To get λ in meters, it is common to use λ = 300
f , where f is in MHz.

Wavelength is mosly used in waves propagating in free space
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Frequency bands
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Clocks and Oscillators

A clock counts cycles of a frequency and records units of time interval,
such as seconds, minutes, hours, and days. A clock consists of an

oscillator, a counter, and a display.

Oscillators are the heart of all clocks. They produce a periodic event that
repeats at a nearly constant rate. This rate is called the resonance

frequency. The best clocks contain the best oscillators.
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Synchronization and Syntonization

Synchronization is the process of setting two or more clocks to the
same time.

Syntonization is the process of setting two or more oscillators to the
same frequency.
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Inside a clock
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Inside a clock
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Atomic clocks

Rubidium (f ∼ 6,8 GHz) is used as secondary representation of the second.
http://www.bipm.org/en/publications/mises-en-
pratique/standard-frequencies.html
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Stability and accuracy

Stability

In T & F, it indicates how well an oscillator can produce the same
frequency over a given period of time. Stability doesn’t indicate
whether the time or frequency is ”right” or ”wrong”, but only
whether it stays the same.

It is quantified by the Allan Variance

Accuracy

Indicates how well an oscillator has been set on time or frequency

Is normally expressed as a dimensionless number (unitless): ∆f
f
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Stability and accuracy
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Accuracy

Accuracy evaluation
∆f
f = fmeasured−fnominal

fnominal

fmeasured is the reading of the counter

fnominal is the nominal frequency of the oscillator under test
(10 MHz, for example)
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Accuracy in time domain

The same can be done if you measure time difference:

Accuracy evaluation in time domain

−∆f
f = ∆t

T = TIC2−TIC1
T

The quantity ∆t is the phase change expressed in time units, estimated by
the difference of two readings from a time interval counter or oscilloscope.
T is the duration of the measurement, also expressed in time units.
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Accuracy in time domain

The same can be done if you measure time difference:

Accuracy evaluation in time domain

−∆f
f = ∆t

T = TIC2−TIC1
T

If you compute the slope of the Phase difference, you obtain ∆t
T in ns

s
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Standard deviation cannot be used in T&F...
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Allan Variance
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(ȳ2 − ȳ1)2 ⇒ χ2
N Distribution

2022 SIM T&F workshop and meeting Introduction to T&F Metrology concepts May 23rd, 2022 32 / 44



Allan Variance

Tiempo

D
es

ví
o 

en
 fr

ec
u

en
ci

a y

t

    

y
1

y
2

y
3

y
4

y
5

y
N-2

y
N-1

y
N

t
1

t
2

t
3

t
4

t
5

t
N-2

t
N-2

t
N-1

t
N

Allan Variance: σ2
y(τ) = 1

2〈(∆y)2〉
Estimator:

σ̂2
y(τ) = 1

2N

N∑
i=1

(ȳ2 − ȳ1)2
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Stability

Ideal oscillator

Vo cos(2πνot+ ϕ)

0 5 10 15
−1

0

1

t

ideal
real

Real Oscillator model

[Vo + ε(t)] cos(2πνot+ ϕ(t)); ϕ(t) : phase noise

2022 SIM T&F workshop and meeting Introduction to T&F Metrology concepts May 23rd, 2022 33 / 44



Stability

Ideal oscillator

Vo cos(2πνot+ ϕ)

0 5 10 15
−1

0

1

t

ideal
real

Real Oscillator model

[Vo + ε(t)] cos(2πνot+ ϕ(t)); ϕ(t) : phase noise

2022 SIM T&F workshop and meeting Introduction to T&F Metrology concepts May 23rd, 2022 33 / 44



Stability

Ideal oscillator

Vo cos(2πνot+ ϕ)

0 5 10 15
−1

0

1

t

ideal
real

Real Oscillator model

[Vo + ε(t)] cos(2πνot+ ϕ(t)); ϕ(t) : phase noise

2022 SIM T&F workshop and meeting Introduction to T&F Metrology concepts May 23rd, 2022 33 / 44



Stability

Vo cos(2πνot+ ϕ(t))

Instant frequency: ν(t)

ν(t) = νo +
1

2π

dϕ(t)

dt

Frequency deviation: y(t)

y(t) =
∆ν(t)

ν0
=

1

2πν0

dϕ(t)

dt

x(t) ≡ ϕ(t)
2πν0

⇒ y(t) = dx
dt
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Time dependence of Allan variance

From PSD to σy(τ)

σ2
y(τ) =

∫ ∞
0

Sy(f)

(
2

sin4(πτf)

(πτf)2

)
df

Power law noise model

Sy(f) = h−2f
−2 + h−1f

−1 + h0f
0︸︷︷︸

White noise

+h1f
1 + h2f

2

Slope relationships

Sy(f) ∼ fα
σ2
y(τ) ∼ τ−α−1
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Time dependence of Allan variance

Sy(f) ∼ fα

σ2
y(τ) ∼ τµ

µ = −α− 1τ−1

❲❤✐t❡

P❤❛s❡ ▼♦❞✳

✫

❋❧✐❝❦❡r

P❤❛s❡ ▼♦❞✳

τ−1/2

❲❤✐t❡

❋r❡q✳ ▼♦❞✳

τ0

❋❧✐❝❦❡r

❋r❡q✳ ▼♦❞✳

τ1/2

❘❛♥❞✳ ❲❛❧❦

P❤❛s❡ ▼♦❞✳

τ

σ
y
(τ
)

Sy(f) σy(τ) Noise Type Origin

h−2f
−2 τ1/2 Random Walk F. Mod. Ambient

h−1f
−1 τ0 Flicker Freq. Mod. Resonator

h0 τ−1/2 White Freq. Mod. Thermal noise

h1f
1 τ−1 Flicker Phase Mod. Electric noise
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Time dependence of Allan variance
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Time dependence of Allan variance
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Time dependence of Allan variance
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Time dependence of Allan variance
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Tools for Allan variance calculation

http://www.stable32.com/

http://www.alavar.org/

https://www.mathworks.com/help/nav/ref/allanvar.html

AMTyF ask for it to tiempo@cenam.mx
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Types of quartz oscillators
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The End

” Never measure anything but
frequency ”

Arthur Schawlow, Nobel Prize in Physics 1981 ”for his contribution to the
development of laser spectroscopy”
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