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Angular momentum of trapped atomic particles
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In axially symmetric atomic-particle traps, the angular momentum of the particles about the symmetry axis is
conserved in the absence of external torques. Changes in this angular momentum owing to laser scattering are

discussed.

1. INTRODUCTION

By now, one has become fairly familiar with the idea that the
momentum carried by light can be transferred to atomic (or
macroscopic) particles, thereby significantly altering the ve-
locity distribution of these particles. The status of experi-
ment and theory will be discussed in the accompanying pa-
pers of this issue; further information can be found in other
recent papers.1-3

In the experiments on atomic deflection and laser cooling,
one is concerned primarily with the changes in linear me-
chanical momentum imparted to the particles by light.
However, for the case of trapped particles, one must in gen-
eral be concerned with the angular momentum of the
trapped particles and therefore with the changes in angular
momentum of the trapped particles by light. The situation
discussed in this paper is illustrated in Fig. 1. If the trap
(trapping fields are not shown) is symmetric about a particu-
lar axis, here assumed to be the z axis, then one would expect
the z component of angular momentum of the particles, L.,
to be conserved in the absence of laser scattering. Here, L, is
the total canonical angular momentum given by

N N
L,= ; L= ; (x; X p),, (1a)

where l,;, p;, my, q;, X;, and v; are the z component of angular
momentum, the linear momentum, mass, charge, position,
and velocity of the ith particle, respc ctively; N is the number
of particles; ¢ is the speed of light; and A is the vector
potential. From the geometry of Fig. 1, it is clear that the
laser scattering can be used to increase |L, indefinitely,
independently of the laser tuning. This effect would be
interesting to study, but of course in experiments employing
laser cooling it is clearly a situation to be avoided. In prac-
tice, changes in angular momentum will also be influenced
by various mechanisms, such as collisions with background
gas and deviations of the trap from axial symmetry.
Assuming that the laser beam is perpendicular to z, the
magnitude of the average change of mechanical angular mo-
mentum per photon-scattering event is given by hd/\, where
d is the distance of the laser beam from the z axis, h is
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Planck’s constant, and X is the wavelength of the photons.
Changes in the internal angular momentum of atomic parti-
cles will be of order 4. Typically, 2rd/\ > 1; therefore we
will neglect the internal angular momentum of the particles.
As in previous treatments,%® for simplicity we will neglect
second-order relativistic effects and saturation. We will
also assume that the collision rate between trapped particles
is high enough and the laser scattering rate low enough that
the particles can be assumed to be in thermal equilibrium,
These conditions may be violated, but the qualitative fea-
tures of the problem should still apply.

To make the problem more tractable, we will discuss only
angular-momentum effects in ion traps, specifically, the rf
(Paul) and Penning traps.6-11 This seems reasonable, since
many experiments have been done with these traps. The
qualitative features of these traps should carry over to neu-
tral traps. The primary difference would seem to arise from
the absence of long-range Coulomb repulsion between parti-
cles and the fact that the field momentum that is due to the
ions’ net charge [vector-potential term in Eq. (1)] is absent.
Finally, in this paper angular-momentum changes are as-
sumed to arise from laser scattering, background gas, and
trap asymmetries; however, such effects may come from
scattering by particle beams,!2 positive or negative feedback
on the charged-particle motions,!213 or angular-momentum
transfer from plasma waves.1415

In Section 2, we will assume that ion trapping is accom-
plished by a combination of rf and Penning traps. For such

"a combined trap, single-particle trajectories have been dis-

cussed by others®!1; here we will use the pseudopotential
approach.879-11  Agsuming that the ion cloud (or nonneutral
plasmal3-1%) rotates at a frequency w about a particular sym-
metry axis, we derive relations between w and the ion cloud’s
density, potential, dimensions, and angular momentum.
These expressions can then be applied to the rf or the Pen-
ning trap in various limits. In Section 3 we discuss torques
applied to the cloud from laser scattering for a particular
ion-cloud-laser-beam interaction geometry. Background-
gas damping is discussed in Section 4. Changes in angular
momentum owing to trap asymmetries are treated separate-
ly for the rf and the Penning traps in Sections 5 and 8,
respectively. Finally, in Section 7, we make a few remarks
about angular momentum in neutral-particle traps.
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trapped atomic
particles . N

Input laser beam

Fig.1. Schematic representation of trapped atomic particles. The
trap (not shown) is assumed to have axial symmetry about the z axis.
If a laser beam is directed parallel to the y axis but does not intersect
the z axis, then atomic particle-photon scattering imparts angular
momentum (L,) to the sample, which can cause it to spin about the z
axis.

2. ION TRAPS

For further simplicity, we will assume idealized models for
the rf and Penning traps and assume only one trapped ion
species. Both traps use axially symmetric electrodes whose
surfaces are figures of revolution (hyperboloids of revolu-
tion) as shown in Fig. 2. For rf trapping, when the drive
(micromotion) frequency € is much larger than secular fre-
quency w,, wy, or w, (defined in Section 5), the ions can be
considered to be confined in the axially symmetric pseudo-
potential®-!! of the form

¢plr,z) = ar’ + Bz, (2)

where r and z are cylindrical coordinates and o and 3 are
functions of the trapping parameters:

a = qVp 2 /m@PPEt — Uy/E, (3a)
B = 4qV 3 /mQP + 2U /82 (3b)

Vo is the amplitude of the rf voltage, Uy is the amplitude of
the dc voltage applied between the ring and the end caps
(here, Uy positive means that the end caps are at higher
potential than the ring electrode), and £2 = r¢2 + 22,2, where
ro and zg are defined in Fig. 2. We note that the pseudopo-
tential [the first terms in Egs. (3a) and (3b)] always acts to
give a radially inward force (independent of the sign of q)
while the force that is due to the dc applied potential can be
in either direction. For the rf trap we want qa, g8 > 0; the
resulting potential well is equivalent to that provided by a
uniform-background charge distribution whose boundary is
an ellipsoid of revolution.!® From Poisson’s equation, v2¢
= —4xp, we see that the density inside this fictitious charge
distribution is given by p” = —(2« + 3)/27. The potential for
the Penning trap®7 is usually given by Egs. (2) and (3) with
Vo = 0; in this case a magnetic field B = Byz is required for
trapping. For the sake of generality we will assume that By
# 0 and V, # 0 except where noted below.

The traps have symmetry about z, and, therefore, in the
absence of external torques, L, is conserved. In this case,
the ion canonical angular momentum and ion energy enter
the thermal-equilibrium distribution function on an equal
basis. The thermal-equilibrium distribution function can
be written asl7-19
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m O\
f= no(m> exp[—(H —wl )/kgT], (4)
where
H = mv*/2 + qo(x) (5a)

is the ion energy and
[, = moygr + qA,(x)r/c (5b)

is the ion canonical angular momentum. m, g, and v are the
ion mass, charge, and velocity, and v = |v|. vpand Ay are the
f components of the velocity and the vector potential, and r
is the radial coordinate of the ion in cylindrical coordinates.
¢ = ¢; + ¢1 + ¢ind 1s the total potential, which is written as
the sum of the potential that is due to ion space charge ¢,
the applied trap potential ¢7, and the potential ¢;,q that is
due to the induced charges on the trap electrodes. ng, T, and
w are determined by the total number of ions, energy, and
angular momentum of the system, and kp is Boltzmann’s
constant. We choose the symmetric gauge where A(x) = B
X x/2, so that Ay = Br/2. We can therefore write the distri-
bution function as'®

m \32

= - 1 — M2
f(x,v) n(X)<27rkBT> exp|~ Yom(v — wr8)*/kzT], (6a)

where n(x) is the ion density given by

n(x) = ng exp{—[q¢(r, z) — 1/zmw<ﬁ Q.+ w)rZ:I/eBT} .

(6b)

We assume that the trap potential is adjusted to make ¢ = 0
at the origin, in which case ny is the ion density at the center
of the trap. Q. =|gB/m(| is the cyclotron frequency. With
the assumption that v « ¢, we have neglected the diamag-
netic correction to the magnetic field that is due to the
motion of the ions. For densities near the maximum density
(discussed below) this assumption may break down for elec-
trons.

Equations (6) have been analyzed for the case of electrons
in a Penning-type geometry (axially symmetric but nonqua-
dratic trap potential).1819 We can easily extend the analysis
of Refs. 18 and 19 to the hyperbolic Penning and rf traps.
The distribution function is a Maxwellian velocity distribu-

E =BgZ(required for Penning trap)

end caps \
-—a(r,2) = A(r%-22%)
A= P v 2
o +225

U=Uy+V,cosQt
(Vo =0 for Penning trap)

electrode surfaces generated
by $(r,z)=const.

Fig. 2. Schematic representation of the electrode configuration for
the Paul (rf) or Penning trap. Electrode surfaces are figures of
revolution about the z axis and are equipotentials of ¢(r, z) = A(r2 —
222) (cylindrical coordinates are used with the origin at the center of
the trap). Typical dimensions are y2z¢9 = ro = 1 cm. Typical
operating parameters are the following: for the Paul trap, V, = 300
V, Q/2% = 1 MHz; for the Penning trap, Uy = 1V,B=1T.
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tion superimposed upon a rigid rotation of frequency w [pos-
itive (negative) values of w denote rotation in the +(—) 8
direction]. For the Penning trap, this rotation is caused by
the E X B drift and the pressure-gradient-induced drift
[similar to E X B drift, where the term (dn/dr)r must be
included with E,r].2° In thermal equilibrium, these two
effects in combination give rise to a rotation that is constant
with radius. If the rotation is not rigid, then shear exists in
the cloud; the resulting friction forces drive the cloud to
thermal equilibrium. We emphasize that rigid rotation
does not require a quadratic trap potential but only axial
symmetry and thermal equilibrium. From the expression
for the ion density, we arrive at Poisson’s equation:

19/ dp\ &
o r=1+=—==-4
ror (r ar> 92> afto

X exp{— [q«b - 1/2mau(‘%|9C + w)rz]/kBT} —4xp’, (7)

where we must include the fictitious charge density, p/, from
the pseudopotential. In Ref. 19 it was shown that the gener-
al solution to Poisson’s equation leads to axially symmetric
ion densities that are constant out to a certain radius and
then fall to zero in a universal way in a distance approxi-
mately equal to the Debye length, Ap, given for a nonneutral
plasma by

Ap? = kpT/4wn,q2 (8)

Although Ref. 19 specifically dealt with electrons in a Pen-

" ning-type trap, Poisson’s equation looks essentially the same
for the rf trap, and therefore the general conclusion above is
valid for both cases. (Recall that we are neglecting the
micromotion.) Specific solutions are discussed in Ref. 19
for the Penning-type geometry and in Ref. 21 for the rf
geometry.

As an example, for T = 300 K and ng = 107/cm3, we have Ap
~0.38 mm. At higher densities and lower temperatures, the
general features of the density distribution noted above have
been directly observed in Penning-type traps.2223 At higher
temperatures and lower densities (where space charge be-
comes negligible and Ap = ion-cloud dimensions) the density
distributions become Gaussian; this has been directly ob-
served in rf traps.2425

Because of the laser-cooling experiments, it is interesting
to consider the limiting case when A\p <« cloud dimensions,
i.e., when T — 0. From the right-hand side of Eq. (6b), we
can see that in the cloud interior, g¢ —m(Q.9/q| + w)wr?/2 —
0 in order for the density to be finite. Therefore, in the
interior we have

b= ¢+ bpt+ ding = me(Q,.9/ g+ «)r¥/2q. 9)

The lack of z dependence in ¢ is to be expected since at low
temperatures the outward z force from space charge would
be expected just to cancel the restoring z force of the trap.
In the case when the trap potential is quadratic [Eq. (2)], Eq.
(9) can be written as

¢ = [mwl(Q.9/4q] + w)/2g — a]r? ~B22 — ¢;nq (10a)
= —mgnglar’ + bz%) — ¢, 4 (10b)

where Eq. (10b) is used to define ¢ and b. From Poisson’s
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equation, 2a + b = 3. For a stable cloud of finite size, we
must have a, b > 0; otherwise the ions are not confined. If
the potential from the induced charges can be assumed con-
stant over the ion cloud (this approximation is valid if the
cloud’s dimensions are small compared with rg and zg), then
¢11s the potential distribution for a uniformly charged ellip-
soid of revolution®’ of density no whose spatial extent along
the z axis we define as 2z and whose diameter in the z = 0
plane we define as 2ry. For simplicity we will therefore
assume that ¢;nq is constant over the ion cloud. If the di-
mensions and density of the ion cloud are large enough so
that ¢inq is not constant over the ion cloud, then the cloud
becomes elongated along 2 and expanded near the z = 0
plane.

Fora = b =1 theion cloud is a sphere (i.e., 2 = ry). Fora
> 1> b the cloud is a prolate ellipsoid (zy > 1)), where!6.26

a=FkA1/12(1 - kp2)] —In{(1 + &,)/(1 — k,)I/4k,},  (11a)

b=k An[(1 + k,)/(1 = ky)]/2k, — 1}, (11b)

and where k, = [1 — (ra/za)?]V? and ky," = 3(1 — kp%)/kp2
For a <1 < b the cloud is an oblate ellipsoid (rq > 2,)), where
a = ky'[sin™ (kg)/2ky — (1 — ky2)V?/2), (12a)
b =ky[(1 =~ kD2 = sin kg /kyl, (12b)

and where ko = [1 — (za/ro)?]V2 and kg’ = 3(1 — ko?)V2/ke
From Eq. (10a) and Poisson’s equation, we can express ng
as a function of w and the trapping potentials:

nolw, a, B) = —— [—w(ch/]q| +w)+ L2+ ﬁ)} - (13)
2mrq m

For the pure Penning trap, where Vy = 0 and 2a + 3 = 0, we
obtain the result of Ref. 23. The usual case for the rf trap is
with Q., w = 0, and we obtain the result of Refs. 6 and 7. In
practice, the minimum temperature and therefore the maxi-
mum density in an rf trap might be limited by rf heat-
ing,2427.28 where the condition A\p < ry, zq may not be ob-
tained. If @ and g are assumed fixed we find that the density
is maximum when w = —Q.q/2¢|:

nolmax) = —"— [902/4 +4 20+ 6)] . (14)
Tq m

For the pure Penning trap (2« + 8 = 0), we find"? that
ng(max) = By2/8rmc2. Also, the parameter a of Eq. (10b) is
largest (i.e., z.)/rq is largest) for w = —9,¢/2|q|. For the pure
rf trap (2. = 0), this implies that w = 0 as expected, since
spinning in either direction causes a centrifugal distortion
that tends to make the ellipsoid more oblate. Equation (13)
can be used to find o if we assume that the cloud has a
certain density ng. We find that

w=—04/2q % [(2./2)%+ q(2a + 8 ~ 2xqny)/m]V%
(15)
In the pure Penning trap (2« + 8 = 0), the solution for which
|} < Q./2 can be identified with the E X B drift magnetron
motion and the solution for which [« > Q./2 can be identi-
fied with the cyclotron frequency that is shifted by the radial
electric field (see Section 6). For n > ng(max) the ion orbits
in the Penning trap are exponentially increasing.”
We note that Eq. (15) is not valid in the limit of a single
ion, where one may want to substitute ny — 0. Implicit in
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Eq. (15) is the assumption that the axial force on an ion is
zero. Equivalently, we assume that the cloud consists of
many ions and that Ap < r¢, z.. Inthe limit of one ion in the
trap, the axial force on an ion is due to the applied trapping
fields (zero only at trap center). In addition, the require-
ment that a > 0 for clouds of finite size restricts the density
ng to be greater than a minimum density given by no(min) =
B/2wq. At this minimum density, a = 0, and the cloud has
infinite extent in the z = 0 plane. The requirement that a >
0 also restricts w to values ranging from v = —qQ./2q| —
[(Q/2)% + 2ga/m} 2 to w = —g2./2 q| + [(2/2)% + 2qa/m]V2.

Finally, we can evaluate L, for an ellipsoidal cloud of ions
to find

o~
|

c

.= nof [mrzw +rd Ag(r)]d3x
v

%Nm(ch/2|q| + w)ry?, (16)

where fv d3x = 4xry224/3 is the cloud volume.

A convenient dividing line between rf and Penning traps
would seem to be when the radial electric force is absent, i.e.,
« =0. Therefore, in what follows, we will define the rf-trap
mode as the case when the radial force that is due to the
electric trapping fields is inward (g > 0) and the Penning-
trap mode as the case when the radial force that is due to the
electric trapping fields is outward (g < 0).

3. LASER SCATTERING

The problem that we wish to investigate is whether it is
possible to observe angular-momentum changes induced by
laser scattering in an ion cloud. For brevity, we will consider
only a laser-beam/ion-cloud geometry in which these effects
might be fairly strong; other interaction geometries could be
similarly treated.

Consider the case of Fig. 3. We will assume that the
spatial width of the laser beam is small compared with ry
and z4 and small enough that we can neglect the variation in
first-order Doppler shift across the beam that is due to the
cloud rotation. If the cloud is in thermal equilibrium, then
w is constant over the cloud; therefore the average y velocity
of ions within the laser beam is v, = wr cos # = wd. For
simplicity, we will assume that|«| < v, where v is the natural

y l‘
X laser beam

—
Trap axis (B out of paper)
)

Fig. 3. lLaser-beam-ion-cloud interaction geometry. The laser
heam is assumed to be in the z = 0 plane; the radius of the ion cloud
isrg. For the rf trap. laser scattering will tend to cause the cloud to

ion cloud

d

spin in the direction shown. For the Penning trap, the direction of

rotation shown (« > 0) is appropriate for negative ions: for positive
ions the rotation is reversed (w < (.
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linewidth of the atomic transition to which the laser is nomi-
nally tuned. In this limit, photon scattering may be as-
sumed to occur at an instant of time, and the momentum
imparted to an ion is given by Ap = A(k — k,), where k and k;
are the photon wave vectors of the incident and scattered
photons (K = |kJ = 2x/7\).45 Therefore the average torque
from laser scattering is given by

dL
T, = < dt2>L = j I;%) ok - v, T) % dn(x)d, (17a)

where I(x) is the intensity (power per unit area) of the laser
beam, ¢ is the photon-scattering cross section, and n(x) is
the ion density. In the derivation of Eq. (17a), we have
averaged over all angles of the reemitted photon. In gener-
al, the angular distribution of reemitted photons will not be
isotropic [e.g., see Egs. (8a) and (8b) of Ref. 5], but the
torque that is due to photon reemission when averaged over
angles will be zero, neglecting small relativistic corrections.*
In the limit that the laser-beam dimensions are smail com-
pared with r, z., and d, and the density is nearly constant
over the cloud (Ap « z¢, ra), then Eq. (17a) becomes

ar, v 2 _ g2y1/2
T, = i), = hdaNinyo(v,, T)d(r,* — d*)V#/N, (17b)

where N is the number of incident laser photons per second
and we note that ¢ has a line shape given in general by a
Voigt profile® that is first-order Doppler shifted by a fre-
quency wd/X. As we noted earlier, if there is no damping,
| (L)} will eventually increase. In principle the parameter a
|Eq. (10b)] goes to zero; of course the edge of the cloud would
touch the ring electrode before this condition is reached.

In practice, damping of (L,) must be considered; it ap-
pears that this should come primarily from two sources:
background neutral gas and imperfections in the trap elec-
trodes that destroy axial symmetry and therefore prevent
(L) conservation. Motional radiation damping should also
be considered for electrons,!32731 put this is expected to be a
much weaker effect for ions. (In any case it would mimic
background-gas damping.) Background-gas damping
should occur in a similar way for the rf and Penning traps.
However, since changes in L, owing to trap asymmetries are
expected to be qualitatively different for the two traps, they
are treated separately.

4. BACKGROUND-GAS DAMPING

An estimate of background-gas damping can be derived
from measurements of ion mobility. The mobility K is de-
fined* from the expression vy = KE, where E is the electric
field impressed on the ions in a drift experiment and vy is the
average drift velocity of the ions through some background
gas. Thedrifting ions impart momentum to the gas at a rate

535 = F = yE = qu /K. (18)

Theretore. for the case of trapped ions, the torque tha:
damps ion rotation is

2 2
(T = N(rdp/dt) = =Nq(rw) /K = =N = % rale,
(19)
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where the last equality is valid in the low-temperature limit,
Ap KL rep, Zel.

5. rf TRAP (qo > 0)

We can get an idea of the magnitude of the change of L, that
is due to trap asymmetries by assuming that the pseudopo-
tential has the form

Prlr,z) = ar® + 822 + e(x? — 7). (20)

Assuming B = 0, a single ion in this trap has the characteris-
tic motions

x = x, cos(w,t +8,),

y =y cos(w,t + Gy), z =z cos(w,t +4,), (2la)
where the frequencies w,, w,, and w, are given by
wl=2a+d/m, wl=2la-d/m, ©°=28/m.

(21b)

For | <« |, an ion initially in a nearly circular orbit
defined by x = { sin w,;t, ¥y = { cos w,t will find itself in a
circular orbit of opposite sense after a time 7w, — w).
Hence, in this case, we estimate

dL,
T = < T >e = —L, /7, = 1/fw, — wyl. (22)

For a cloud of ions we could expect approximately the
same dephasing time if space charge could be neglected, i.e.,
the ions behave independently. For a “cold” cloud, where
the trapping force is essentially canceled by space charge,
the situation is quite different. If we neglect ion—-ion colli-
sions, then ions drift through the cloud (which is now ellip-
soidal in the x—y plane) and reflect from the edge of the ion-
charge distribution. However, as an estimate we will still
assume the validity of Eq. (22), where w, and w, are given by
the free-space values of Egs. (21).

To determine if spinning of the cloud induced by a laser
beam could be observed, we have experimentally investigat-
ed a cloud of 198Hg* ions confined in a small rf trap.33 Inthis
experiment ro = 455 um, zg = 322 um, Q/27 = 20 MHz, V; =
400 V, and Uy = —12 V. For a single ion in this approxi-
mately spherical well (o« = 8) we would expect the secular
frequency w, = w, = w, = (2qa/m)2 = (27)1.19 MHz. For
typical conditions, where rg = 30 um, d =15 um, laser-beam
waist size wy = 15 um, and laser wavelength A\ = 194 nm (23S,
— 2Py, transition), we can ask under what conditions we
would expect the cloud to spin at a frequency w = (27)0.5
MHz. We choose this frequency because the corresponding
first-order Doppler shift along the beam direction is about
250 MHz, which would be easily observable on the 2S;,y —
2P, transition. If we assume that A\p << re), z¢, then we can
use Eq. (13) to obtain ng = 1.68 X 10%/cm3. The ions are
observed™ to be near room temperature (through the Dopp-
ler width on the 2S;/; — 2P, transition); hence we calculate
that A\p = 9.2 um, and thus Eq. (13) should give a reasonable
estimate of the density. From Eqgs. (10) and (12) we then
find that zg =~ 25.8 um. InEq. (17b) we write Ny o = N rwo2,
where N, = Nyo/mwy? is the scatter rate per ion (for ions in

-1
[
o
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the laser beam). We can then combine Egs. (17b), (19), and
(22) to obtain in steady state

dLZ> T, +T,..+T)=0 (23
dt Total - < L bkg ‘> e l)

For our specific example (w/27 = 0.5 MHz) we find that
AN, X 3.0 X 10° — n(He) X 5.3 X 107>
- Av,, X 23 %109 =0, (24)

where we have assumed that the background gas is helium of
density n(He) (K = 19.6 cm? V7! sec”! at standard pres-
sure™) and we define Av,, = |w, — w,|/27. If we first assume
that the pressure of helium gas is small and Av,, = 1 kHz, we
require that N, = 7.7 X 107/sec (close to saturation) in order
to spin the cloud at w/27 = 0.5 MHz. For the more typical
scatter rates in this experiment, N, < 108/sec, we require
that Av,, < 13 Hz in order to see the same w. This would
require a very small trap asymmetry in order for the effect to
be seen, and in fact no spinning above |«| = (27)50 kHz was
observed, implying that Av,, = 130 Hz for N, = 10%/sec.
Note that if Av,, = 0 and p(He) = 6.65 X 1072 Pa (5 X 1075
Torr), we need Ny = 3.1 X 105 to obtain || = (27)0.5 MHz.
Since N, Z 3 X 105/sec and the helium pressure was less than
6.7 X 1073 Pa in these experiments, we could determine that
the lack of spinning was not due to background-gas damp-
ing.

We might expect to see a smaller dephasing (i.e., Av,y
smaller) for traps with weaker pseudopotential wells (w,, w,
smaller), but it would still be necessary to maintain the high
scatter rates (more difficult now because of the reduced
densities). Of course one might become sensitive to smaller
values of w by probing narrower-linewidth transitions. In
the low-temperature limit where the ion cloud becomes
strongly coupled,??3% the dephasing effects might also be
expected to be smaller if conditions of laminar flow or con-
vection exist. Addition of an axial magnetic field may also
help to prevent dephasing of L, (see Appendix A). Finally,
we remark that by adjusting Uy/ V) it is possible to make the
pseudopotential of Eq. (20) axially symmetric about either
the x or the y axis, and therefore it should be possible to
observe spinning about either axis experimentally. This
possiblity was investigated in the Hg* experiment above,
but N, was not large enough and U,/V, was not sufficiently
stable for such spinning to be observed.

Therefore it should be possible (but perhaps difficult) to
observe spinning in a rf trap. It is clearly a situation that is
easily avoided. It has already been noted*?¢ that it is desir-
able in laser-cooling experiments to avoid axial symmetry in
order to avoid recoil heating of the ions in a direction per-
pendicular to the laser beam.

6. PENNING TRAP (g« < 0)

Angular momentum imparted to the cloud by light may be
difficult to observe in an rf trap, however. In Penning traps
it plays an important role. Since the radial electric trapping
force and that which is due to space charge are outward, the
only way to provide trapping is from a radial inward Lorentz
force that is due to a rotation of the cloud as a whole. There-
fore, even in the absence of a torque applied by the laser, the
cloud must rotate at a frequency w. It is easy to see that for
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the Lorentz force to be inward, w must be negative for g
positive and w must be positive for ¢ negative. From Eq.
(16), we see that for the usual case, where|«] < Q./2, the total
angular momentum is in the opposite sense to the mechani-
cal angular momentum; that is, it is mostly angular momen-
tum from the field [x X A term of Egs. (1) or the term
including ©, in Eq. (16)].

The case for a single trapped ion in a Penning trap inter-
acting with a laser beam has been treated in some detail in
Ref. 5. From the equation of motion

mv = —qua + q(v X B)/c, (25)

we determine that the motion in the z direction is harmonic
with frequency w, = (269/m)'/2, and the motion in the x—y
plane can be written in complex form:

x + iy = ry exp(iwt) + ry expliwgt), (26)

where w12 = —2.9/2q| £ [(2/2)? + 2ga/m]/2 and where r{
and ry are complex. The solutions for w; and w, are different
from Eq. (15) for the reasons noted in Section 2. Note that
these solutions are valid independently of the value of Q. or
and thus apply for either the Penning or the rf trap (see
Appendix A).

From Eq. (26), it appears that the «; and wy components
occur in an equal way. However, making the redefinitions®

x + iy =r, expliw,t) + r exp(ie’ t), (27)
“m =T & Q2 - [(Q./2)° + 2ga/m]'3,  (28)

w/ = — I%I 19,/2 + [(2,/2)? + 2qa/m]Vy,  (29)
we can make the following observations: In the limit &« — 0
we see that w, — 0 and w. — —qQ./|q|; therefore the x—y
motion is pure cyclotron motion. We identify the first term
in Eq. (27) as the E X B drift magnetron motion of the
guiding center of the cyclotron motion. The cyclotron fre-
quency, w./, is now shifted by the radial electric fields. From
the expression for the total energy in the x—y plane®

E (total) = m{qQ./2q| + W@l = w/r2,  (30)

we see that the energy in the w,” motion is positive while that
in the w, motion is negative (because it is mostly potential
energy, qar? < 0).

As is shown in Ref. 5, momentum transfer or damping in
the direction opposite the w,,(w.) motion causes r,, (r.) to
increase (decrease). As a consequence, to decrease both r,
and r, as is usually desired in laser-cooling experiments, we
must cause momentum transfer simultaneously against the
cyclotron motion and in the same direction as the magnetron
motion.> Equivalently, we must reduce the cyclotron ener-
gy (this is similar to laser cooling of harmonically bound
particles®) and increase the magnetron energy. For nega-
tive ions this can be accomplished by the laser-beam config-
uration shown in Fig. 3. The laser frequency v, should be
tuned slightly below the rest frequency vy (14 = ¢/A), which
has been first-order Doppler shifted by the magnetron rota-
tion, i.e., ;. < py(1 +]w|d/c). From the above considerations
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we also see why ion confinement in a Penning trap is normal-
ly a situation of unstable equilibrium. If any damping is
present, then r,, increases until the ions strike the ring elec-
trode. From similar considerations, the cyclotron motion
should be damped by background-gas collisions.

We also note a qualitative difference between the Penning
and the rf traps. For the Penning trap, by using the tech-
nique of laser cooling, it is experimentally possible?? to
achieve an amplitude for the cyclotron motion, r,, much
smaller than the amplitude of the magnetron motion, r,,. In
this low-temperature limit the ion motion in the x-y plane is
nearly circular, and L, is conserved. If the trap potential is
the distorted one given by Eq. (20), the solution for the x—y
equations of motion is not a superposition of two circular
motions as in Eq. (27) but a superposition of two elliptical
motions (see Appendix A). Of course, in the limit that the
asymmetry parameter ¢ goes to zero, these two elliptical
solutions turn into the circular cyclotron and magnetron
solutions of Eq. (27). In the low-temperature limit, the ion
motion is elliptical (distorted magnetron motion), but fluc-
tuations in L, are small [expression (A10)]. This is to be
contrasted with the rf trap, in which a distortion of the type
in Eq. (20) causes a qualitatively different behavior for the
motion and L, can change significantly after a time 7 [Eq.
(22)].

The above considerations should apply when there is a
cloud of ions except that |w,) [i.e.,|«] < €./2 in Eq. (15)] is
shifted to higher values by space charge and |w.] [i.e., || >
Q./2 in Eq. (15)] is shifted to lower values. If we assume
perfect axial symmetry and no damping, then it is interest-
ing to consider the situation of Fig. 3 (appropriate for nega-
tive ions). First, if the laser beam is directed on the side of
the trap axis opposite that shown, then a drag is applied to
the magnetron motion that can increase the magnetron radi-
us to large values or even expel the ions from the trap. This
effect has been experimentally observed for Mg+ (Ref. 37)
and Be* ions. Now suppose the laser beam is directed as
shown in Fig. 3. Further assume that the cyclotron motion
is laser cooled (T — 0) and that the cloud as a whole rotates
at a frequency |w,| = (¢ < 2./2. As we continue to add
angular momentum from the laser scattering, then we expect
|| and the density nj to increase while the cloud radius, rg,
decreases. This happens until |«] = Q./2 (ie., |wy = |w] =
Q./2), at which point the maximum density is reached [Eq.
(14)]. As more angular momentum is added by the laser, the
rotation frequency |« becomes larger than Q./2 (ie., |o| =
jw] is now the cloud rotation frequency) and the density
starts to decrease again and the cloud radius expands. In
principle this continues to happen until th. cloud radius
reaches the ring electrode and ions are lost.

So far, the only experiment in which such effects were
quantitatively studied is the one on 9Be*.23 In this experi-
ment, small clouds of °Be* ions were cooled and compressed,
but the densities were limited to a value (2 X 107/cm3) that
was about an order of magnitude less than the maximum
density given by Eq. (14). For these densities, the mean
spacing between ions, n~1/3, was about 37 um while at the
cyclotron temperatures achieved (T. = 10-50 mK), r, > 1
um. We can first ask if the experimental limit was due to
background-gas damping. For steady state, Eq. (23) must
still apply (assuming here that T, = 0). For the particular
ion cloud of the first row in Table 1 of Ref. 23, we had wg = 60
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pm, A = 313nm, rg = 160 um, 2z, = 60 um, d = 50 um, ng = 2.1
X 107/cm3, T, = 144 mK, N = 142, and w,, = (27)37.3 kHz.
[For a single ion in the trap, w, = (27)20.5 kHz.] From Eq.
(17b), we calculate that | Ty| = AN, X 7.3 X 10%. From Fig. 6
of Ref. 34, we take Ky(Be*, He) = 25 cm? V1 sec™!; there-
fore, Eq. (19) gives | Thigd = An(He) X 7.7 X 1073, From the
experiment we could estimate that N, = 10%/sec. It was very
unlikely that n(He) was larger than 108/cm? based on heat-
ing data after the laser was turned off.3¥¢ Therefore the limit
on density was not due to background-gas damping.

It seems likely that the density was limited by imperfec-
tions in the trapping fields, which might lead to angular
momentum’s being coupled into the system.383% Experi-
mentally this density-limiting effect appeared very nonlin-
ear in that the densities obtained were limited at a value that
was fairly independent of laser power. (In the work report-
ed in Ref. 23, varying the laser power by a factor of 10 had no
measurable effect on the ion density.) Moreover, with the
laser off the ions would rapidly heat at first3® (~20 K/sec
during the first 0.1 sec), but this heating would slow down
(~1 K/sec from 10 to 20 sec), and the ions would remain in
the trap for many hours. A possible mechanism for the
density limit and the nonlinearity of the heating can be
explained by assuming that the trap-symmetry axis is slight-
ly tilted about the x axis by an angle & with respect to the
magnetic field. If we assume that the z axis is along the
magnetic field, then the potential [assuming that Vy = 0 in
Egs. (3)] is

U,
b= 20222 — r2 + 3(y% — 2sin? 6 —3zy sin 26]. (31)
¢

From this expression and the corresponding equations of
motion, coupling between the z and y motions is clear. The
frequencies of motion can be found from the eigenvalue
problem (Ref. 40 and Appendix A), and one can also solve for
the eigenvectors. Here we only point out that if the tilting is
considered a perturbation, then there is an oscillating elec-
tric field in the y direction owing to the z motion

E =- g—¢ = 32U, sin 26/¢* (32)

y

that can drive the x—y motion. For a single particle in a
Penning trap, and 6 << 1, this driving term at frequency =~ w,
is nonresonant with w,, and w./; therefore no energy transfer
between modes will occur. However, in a cloud of ions, the
wm and w,” resonances are broadened by ion-ion collisions.
Moreover, as ng increases because of compression, w,, in-
creases as noted above. In addition, the ion axial frequency
w,” (for T > 0) is reduced by space charge from the free-
space value. In the ®Be* experiment discussed above,2? an
estimate of w,” for T # 0 can be obtained by assuming that
W, /21 = v,/4z2, where muv,2/2 = kgT,/2. That is, we assume
that the ion drifts across the ellipsoidal cloud (in the z
direction) at its thermal velocity and reflects from the edge
(z = z4). Clearly this is only a crude approximation since
ion-ion collisions and collective effects will play a more im-
portant role.!+1> However, using this model, we estimate
that w,’/w,, = 1.3, and therefore we have near-resonant cou-
pling between the axial motion and the magnetron rotation.
At lower densities and higher temperatures, w,’/w,, becomes
larger and resonance is avoided. The apparent resonant
condition causes r,, to increase rapidly, which results in an
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increase in the ion cloud radius. Because of the resonant
nature of this expansion, the process is called resonant parti-
cle transport.143% A rapid increase in the cloud radius can
cause rapid heating from the decrease in electrostatic energy
as the cloud expands. This may account for the rapid heat-
ing observed immediately after the laser was turned off.38
Thus it appears that distortions in trap symmetry may also
be important for the Penning traps, particularly when high
densities and low temperatures are desired. For the prob-
lem discussed here, the existence of such distortions may
explain why we are unable to continue adding angular mo-
mentum to the ion cloud by laser scattering.

7. NEUTRAL-PARTICLE TRAPS

The same general considerations should apply to neutral-
particle traps; the problem seems qualitatively simpler in
that ¢ = 0. Because of the short range of interparticle
collisions, the situation for axially symmetric neutral traps
should be similar to the case of ions in a rf trap in the low-
density limit discussed above. Dephasing of angular mo-
mentum would be expected to be similar to that described in
Section 5. Hence, as noted there, a small degree of trap
asymmetry is probably required in order for spinning of the
trapped sample to be observed.

8. CONCLUSIONS

In this paper we have been concerned primarily with angular
momentum imparted to trapped particles by light scatter-
ing. As we noted earlier, this angular momentum could
come from other sources, such as background gas, trap asym-
metries, particle beams,!2 positive or negative feedback on
charged-particle motions!2!3 (including radiative damping),
and angular-momentum transfer from plasma waves.!415
Such considerations may modify the results of certain ex-
periments such as those on electron— (or ion-) atom colli-
sions.!1-43 For the case of ions in a Penning trap, it should
be possible to compress the ion cloud at the center of the trap
with a neutral-particle beam, although the cyclotron and
axial degrees of freedom will be heated.

Therefore, in atomic-particle traps, one must in general
take into account the angular momentum of the particles
about a particular axis. If the trap has symmetry about this
axis then these angular-momentum considerations are im-
portant in both the rf and the Penning ion traps and in
neutral traps. We emphasize that it is the axial symmetry of
the trap that is important for these angular-momentum con-
siderations, not the adherence to the quadratic electric po-
tentials that have been assumed, for simplicity, throughout
this paper. If this axial symmetry is violated then it may in
fact be difficult to observe angular-momentum effects in the
rf or neutral traps. In Penning traps, such deviations from
trap axial symmetry owing to electric-field distortions are
not so important; in fact, angular-momentum effects, in-
cluding the angular momentum imparted by laser scatter-
ing, play an important role in these experiments.

APPENDIX A

In Sections 5 and 6 we noted that if the electric potential is
not axially symmetric, there is a significant difference in the
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behavior of L, for the pure rf trap (B = 0) and the Penning
trap. To see how this difference might arise, we first exam-
ine the x—y motion when the trap potential is given by Eq.
(20) and 8 and « are arbitrary. The equations of motion for

a single ion are
x + 2q(a + ex/m = ¢4, (A1)

v + 2g(a — €)y/m = —qQ,x/q|. (A2)

If we assume a solution x = Re[xo exp(—iwt)], ¥ = Rely
exp(—iwt)], we can write Egs. (A1) and (A2) in matrix form:

M(w) [x"] =0, (A3)

Yo
where

iwgqQ 4|

—w? + 2q(a + €)/m . ] . (Ad)
~w?® 4+ 2g(a — €)/m

M) ={ —iwg®,d

The normal mode frequencies are obtained from det M(w) =
0, which has four roots, + w; and w-—, where

2(w )2 =Q°+ 4qa/m + (Q 4y 8qaf 2/m + 16(]262/m2)1/2
+ < c ¢
(A5)

or
2((0*)2 = QCZ + 2wr2 + (Qc4 + 4wr29c2 + 4‘4’64)1/2, (AG)

where we have made the redefinitions w,2 = 2qa/m and w2 =
2ge/m = (w2 — w,?)/2. From Eq. (A3), we can find the
following relationships between components of the eigen-

vectors:
Yo .
— = ¥ l,,
Xo Jo=xw,

U, = q[92 - 202+ (0* + 46,202 + 40 Y /20,24,
(A7)

and

Y .
Xg Jo=tw_

U_=q[22 - 20?2 = (2. + 46,202 + 40H)?|/20_Qq].
(A8)

Therefore, the general solution is

x =r, cos(w,t +6,)+r_cos(w_t +6),

y==U,r,sin(w,t +6,) — U_r_sin(w_t +80_). (A9)

In the limit Q. — 0, these solutions are equivalent to those of
Section 5 [Egs. (21a) and (21b)] for the pure rf trap. Ife =0,
then |U, — 1, and we obtain the solutions of Section 6,
where |w_| = |wp] and |wy} = |w]. For e # 0, the solution
[Egs. (A9)] is a superposition of two elliptical motions at
frequencies w; and w_. For e small, i.e., w, < wy, @, we find
that
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ﬁ Uy, = 1= 20202 £ (24 + 492,252, (A10)

In general, L, is a complicated function that can oscillate
around zero. However, if we assume that only the (w) or
the (w-~) mode is excited, then we obtain a simple expression:

. Q.
L,, =mr,? ﬁ 5 [FA+ 02700+ 40 4/0,H1
q

+ (U2 = Dsin¥(w,t +6,) +20,2/92].  (A11)

If the elliplicity of the orbit is small, i.e.,|| U4 —1] < 1, then
L, has small fluctuations about a nonzero value. In the
Penning trap, if we can assume the usual condition |w,/Q4 «
1, then we find that the magnetron orbit (w- solution) has
|U-]-1| = w?/w? In the rf trap, as @, — 0, then Uy, — 0

.and |U_| — «; that is, the normal mode orbits are highly

elliptical. However, if we assume that w, > Q. > «,, then,
from expression (A10), ||Ud -1} = 02/w,Q = |wy — wy}/Q.
Therefore, if we superimpose a magnetic field along the 2z
axis so that Q. > |w, — w,, then the normal mode orbits
would be nearly circular.

Based on the observations in Section 6 for the Penning
trap, we might therefore make the following conjecture for a
cloud of ions in either the Penning or the rf trap: If the x-y
modes are nearly circular and if w4, w—, and the axial fre-
quency (now shifted by space charge) are sufficiently differ-
ent that mode coupling is suppressed, then the dephasing or
damping of L, might be small. Therefore in the rf trap we
might expect to observe spinning more easily if we superim-
pose a magnetic field such that Q. > |w, — w,|. For our
198Hg+ example of Section 5, if Av,y, = 1 kHz this would
require that B > 130 G.
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