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Comparison of spontaneous emission in trapped-ion multiqubit gates at high magnetic fields
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Penning traps have been used for performing quantum simulations and sensing with hundreds of ions and
provide a promising route toward scaling up trapped ion quantum platforms because of the ability to trap
and control hundreds or thousands of ions in two- and three-dimensional crystals. In both Penning traps and
the more common radiofrequency Paul traps, lasers are often used to drive multiqubit entangling operations.
A leading source of decoherence in these operations is off-resonant spontaneous emission. While many
trapped ion quantum computers or simulators utilize clock qubits, other systems, especially those with high
magnetic fields such as Penning traps, rely on Zeeman qubits, which require a more complex calculation of
this decoherence. We therefore examine theoretically the impacts of spontaneous emission on quantum gates
performed with trapped-ion ground-state Zeeman qubits in a high magnetic field. In particular, we consider
two types of gates—light-shift (σ̂ z

i σ̂ z
j ) gates and Mølmer-Sørensen (σ̂ x

i σ̂ x
j ) gates—obtained with laser beams

directed approximately perpendicular to the magnetic field (the quantization axis) and compare the decoherence
errors in each. Within each gate type, we also compare different operating points with regard to the detunings,
polarizations, and required intensity of the laser beams used to drive the gates. We show that both gates
can have similar performance at their optimal operating conditions at high magnetic fields and examine the
experimental feasibility of various operating points. By examining the magnetic field dependence of each gate,
we demonstrate that, when the P state fine-structure splitting is large compared to the Zeeman splittings, the
theoretical performance of the Mølmer-Sørensen gate is significantly better than that of the light-shift gate.
Additionally, for the light-shift gate, we make an approximate comparison between the fidelities that can be
achieved at high fields with the fidelities of state-of-the-art two-qubit trapped ion quantum gates. We show that,
with regard to spontaneous emission, the achievable infidelity with our current configuration is about an order of
magnitude larger than that of the best low-field gates, but we also discuss several alternative configurations with
potential error rates that are comparable with those for state-of-the-art trapped ion gates.

DOI: 10.1103/PhysRevA.107.042618

I. INTRODUCTION

Trapped ions are a versatile quantum platform, with ap-
plications in computation [1], simulation [2], and metrology
[3–5]. They are especially promising given their long qubit
coherence times [6] and high gate fidelities [7–11]. In linear
radiofrequency (RF) traps, one-dimensional (1D) crystals of
greater than 100 ions have been formed [12], and more than
50 ions have been employed in quantum simulation experi-
ments [13–15]. In general, large ion crystals with more than
one dimension are desirable for implementing quantum sim-
ulations that are more challenging to simulate with classical
information and for increasing the sensitivity of quan-
tum sensing. Moreover, simulations of certain many-body
physics are more straightforward in systems with natively

*allison.carter@nist.gov

multidimensional structure [16]. Penning ion traps, which use
static electric and magnetic fields to confine ions, provide
an opportunity to scale to larger two-dimensional (2D) and
possibly three-dimensional (3D) ion crystals. Nonequilibrium
quantum dynamics have been implemented with global cou-
plings on single-plane crystals of greater than 200 ions in
a Penning trap and benchmarked through the generation of
entangled spin states [17,18]. The ease with which large 3D
crystals can be formed and controlled in Penning traps pro-
vides motivation for investigating how quantum simulation
and sensing can be extended to these much larger crystals
[19]. We note that RF ion traps are also being investigated
for quantum information processing with 2D and 3D crystals
[20–25], but to date the number of ions used in experiments
that generate entangled spin states has been modest (<20).
In this paper we examine different laser beam configura-
tions, including laser beam polarizations and detunings from
atomic resonances, for optimizing quantum simulation and
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sensing at the large magnetic fields suitable for Penning ion
traps.

The large magnetic field required for trapping ions in a
Penning trap (�0.3 T) generates large Zeeman splittings in
the ground and excited states of the trapped ions and changes
some of the considerations for optimizing the performance of
a multiqubit entangling operation. Here we focus on Zeeman
qubits, whose frequency splittings can range from tens of
GHz to greater than 100 GHz at the high magnetic fields
in Penning traps. We also focus our considerations on mul-
tiqubit entangling operations obtained by globally coupling
the Zeeman qubits to a single motional mode or collection
of motional modes with a spin-dependent optical dipole force
from off-resonant laser beams. We show that tuning the fre-
quency of the optical dipole force lasers between the large
Zeeman splittings in the excited states produces some favor-
able features and discuss the trade-offs between tuning within
versus outside the Zeeman manifold of excited states. The
large laser beam waists required for global couplings with
large ion crystals mean the available laser power can become
a constraint, and we include this consideration in our discus-
sion. Many possible sources of decoherence can affect trapped
ion gates, such as motional heating, magnetic field fluctua-
tions, and fluctuating parameters in the lasers used to drive
operations. However, in two of the highest fidelity two-qubit
entangling gates performed on ground-state qubits reported
to date, spontaneous emission was the largest source of er-
ror [7,8]. Spontaneous emission was also the leading source
of decoherence in previous quantum simulation experiments
with ion crystals in a Penning trap [17,18]. For this paper, we
therefore focus on spontaneous emission as an error source.
We carefully consider its impact for different operating condi-
tions by examining figures of merit that compare the strength
of the engineered spin-spin interaction to decoherence from
off-resonant light scattering.

A common Hamiltonian for multiqubit gates in trapped ion
quantum computers and simulators is the Ising Hamiltonian
[18,26–29]

ĤIsing = h̄

N
∑
i< j

Ji j σ̂
α
i σ̂ α

j , (1)

where σ̂ α
i is one of the Pauli matrices σ̂ x,y,z, N is the number

of ions, and Ji j is the coupling strength between ions i and j. A
leading type of entangling gate to implement this Hamiltonian
is the geometric phase gate [30]. This gate employs spin-
dependent forces to displace the ions in position-momentum
phase space leading to a relative phase accumulation for dif-
ferent internal spin states. The size of this phase accumulation
is proportional to the area enclosed by the loops driven in
phase space [30,31]. Two typical methods for implementing
such a gate are the light-shift (LS) gate [30], which relies on
the AC Stark shift induced on the qubit states by the driving
laser beam, and the Mølmer-Sørensen (MS) gate [32,33]. The
effect of both gates on a system of N ions can be written in
terms of the Ising Hamiltonian from Eq. (1) where α → z for
the LS gate and α → x or α → y for the MS gate. In Secs. II
and III we will discuss in more detail how Ji j can be written
in terms of relevant atomic and experimental parameters.

FIG. 1. (a) Level structure of 9Be+ at 4.46 T. The qubit is defined
in the ground-state 2S1/2 manifold of Zeeman levels, shown here in
blue. We define a magnetic field independent reference frequency ω0

as the frequency difference at zero magnetic field between the S1/2

and P3/2 states. The approximate frequencies and detunings for the
optical dipole force (ODF) beams for the LS gate (ωODF, �) and for
the sideband (SB) beams for the Mølmer-Sørensen (MS) gate (ωSB,
�MS) are shown on the left. (b) Schematic of the laser beams driving
the light shift gate and the ion crystal. The Penning trap electrodes
are shown in yellow, ions are in blue, and laser beams are in light
green. The beams enter the trap at angles of ±10◦ relative to the plane
of the ion crystal and are detuned relative to each other by angular
frequency δ.

To consider a specific case for numerical calculations, we
will use the operating parameters typical for the National
Institute of Standards and Technology (NIST) Penning trap
where single-plane crystals of 9Be+ ions are employed for
quantum simulations [17] and sensing [4]. The 9Be+ atomic
level structure at the 4.46 T magnetic field of the NIST
Penning trap is shown in Fig. 1(a). At these high magnetic
fields, the Doppler cooling laser pumps the nuclear spin
(I = 3/2) into a single projection state (mI = +3/2) [34],
resulting in a nuclear structure analogous to that of a nucleus
with I = 0. We define our qubit in the 2S1/2 manifold of
Zeeman sublevels, with |↓〉 = | 2S1/2, mJ = −1/2〉 and |↑〉 =
| 2S1/2, mJ = +1/2〉. With a magnetic field B of 4.46 T, the
qubit splitting is approximately 124 GHz, which is much
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larger than that of a typical ground-state qubit in a trapped
ion in an RF Paul trap.

Previous work in the Penning trap at NIST has used an
LS gate to drive multiqubit operations [4,17,18,35,36]. The
LS gate requires two laser beams that are detuned relative
to each other by approximately the frequency of a motional
mode of the ions, typically of order 1 MHz. More details are
discussed in Sec. II. In some applications such as the motional
sensing work discussed in Refs. [4] and [36], the phase of the
driven spin-dependent motion of the ions, which is sensitive
to the phase difference between the two driving beams in
the LS gate, is critical. Experimental constraints limit our
ability to stabilize the relative phase of the two beams close to
the ions, and as a result it is difficult to maintain robust phase
stability as required for high-quality motional sensing. The
nearly copropagating setup of the sideband beams for the
MS gate, on the other hand, reduces the potential impact of
differential path-length fluctuations between the red and blue
sidebands [37]. The MS gate would not only improve the
phase stability in sensing work, but could also be used to drive
spin-dependent motion in 3D crystals [38]. Employing 3D
crystals could enable an increase in the number of ions em-
ployed in trapped-ion quantum simulation and sensing from
several hundred ions to potentially ∼105 ions [19].

In this paper, we begin in Sec. II by presenting a more
detailed characterization of the previously reported NIST LS
gate. We examine in detail the impact of spontaneous emis-
sion at 4.46 T for various operating points. In Sec. III, we
examine the impact of spontaneous emission on the MS gate
and show that, with regard to decoherence due to sponta-
neous emission, the MS gate is comparable to the LS gate
for 9Be+ in a magnetic field of 4.46 T. In Sec. IV we examine
how the performance of both the LS and MS gates depends
on the magnetic field strength. In Sec. V we consider the
fidelity limitations of a high magnetic field LS gate for a
two-qubit system. In considering the fidelity of the two-qubit
gate, we derive analytical expressions for the fidelity of the
gate in terms of decoherence rates due to different types
of off-resonant light scattering. Section VI gives a summary
of various possible operating points for gates at high mag-
netic fields with a focus on the trade-offs between required
laser power and improved performance as detunings from
atomic resonances increase. In Sec. VII we compare gates
in 9Be+ with those in heavier ions that have larger 2P fine-
structure splittings. Finally in Sec. VIII we summarize our
results.

II. OPTIMIZING A LIGHT-SHIFT GATE AT A HIGH
MAGNETIC FIELD

A. Background and current configuration

In the current laser beam configuration employed at NIST
[see Fig. 1(b)], a light-shift gate is implemented with two
laser beams entering the trap at angles of ±θR/2 = ±10◦

with respect to the single-plane ion crystal. The small angles
facilitate the alignment of the resulting 1D optical lattice wave
vector ∂�k to be parallel to the magnetic field and normal to the
planar ion crystal. The electric fields for the upper and lower

beams, respectively, are given by [35]

�Eu = E0ε̂u cos[�ku · �r − ωODFt],

�El = E0ε̂l cos[�kl · �r − (ωODF + δ)t], (2)

where we have assumed the beams have equal intensity. ε̂u(l )

is the polarization of the upper (lower) beam which, assuming
linear polarization,1 can be parameterized in terms of angles
φPu(l ) as ε̂u(l ) = cos(φPu(l ) )ẑ + sin(φPu(l ) )x̂. The frequency dif-
ference between the two beams is parameterized by δ. We
define h̄ω0 as the energy difference between the 2S1/2 and
2P3/2 levels at zero magnetic field. The detuning of the laser
beams from atomic resonances � is defined in relation to ω0

as � = ωODF − ω0 as shown in Fig. 1(a).
Each beam produces an AC Stark shift (ACSS) on each

qubit state,

�ACSS,↑,i = A↑ cos2
(
φPi

)+ B↑ sin2
(
φPi

)
,

�ACSS,↓,i = A↓ cos2
(
φPi

)+ B↓ sin2
(
φPi

)
, (3)

where the index i indicates the upper or lower beam. A↑ and
A↓ are the Stark shifts on |↑〉 and |↓〉, respectively, from a
purely vertically polarized beam (π polarization) and B↑ and
B↓ are the corresponding Stark shifts from a purely horizon-
tally polarized beam, which contains an equal superposition of
σ+ and σ− light. We are making a small angle approximation
here such that vertical polarization corresponds exactly to π

polarization, which would be exact only for θR/2 = 0.
We assume the frequency offset δ between the laser beams

will be small compared to the detuning of the laser beams
from any atomic transition. With this assumption, the coeffi-
cients A↓, A↑, B↓, and B↑ are essentially independent of δ and
given by

A↓ =
(

g0

μ

)2∑
j

|〈 j | �d · ẑ | ↓〉|2
� + (ω0 − ω j )

,

B↓ =
(

g0

μ

)2∑
j

|〈 j | �d · x̂ | ↓〉|2
� + (ω0 − ω j )

,

A↑ =
(

g0

μ

)2∑
j

|〈 j | �d · ẑ | ↑〉|2
� + �↑↓ + (ω0 − ω j )

,

B↑ =
(

g0

μ

)2∑
j

|〈 j | �d · x̂ | ↑〉|2
� + �↑↓ + (ω0 − ω j )

, (4)

where g0 = E0μ/(2h̄) is the single-photon Rabi frequency,
μ is the largest matrix element 〈↑ | �d · ε̂1 | P3/2, mJ = +3/2〉,
ε̂1 is the polarization vector for σ+ polarized light, and �d
is the dipole operator. Additionally, the sums are taken over
all excited states, �↑↓ is the qubit splitting, and ω j is the
frequency of the transition |↓〉 ↔ | j〉.

1The assumption of linear polarization simplifies the calculation
and provides the best performance for the configuration where the
ODF laser beams are directed approximately perpendicular to the
magnetic field as illustrated in Fig. 1(b). We note that, independent of
the ODF beam polarization, this perpendicular laser beam configura-
tion dictates approximately equal coupling to σ+ and σ− transitions.
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FIG. 2. Plot of polarization differences between values of φP,ACSS

and φP,F vs �. Missing points have no polarization angle where
�ACSS = 0 or where F↑ = −F↓. Note that at �/(2π ) ≈ −5 GHz,
there is a single point (indicated with a red star) with a difference
of 0 rad between φP,ACSS and φP,F .

We are particularly interested in the differential ACSS,
�ACSS ≡ �ACSS, ↑ − �ACSS, ↓. If �ACSS = 0, the sensitivity
of any operation to fluctuations in the laser intensity will be
dramatically reduced resulting in more robust operations. The
differential ACSS for each beam is given by

�ACSSi = (A↑ − A↓) cos2
(
φPi

)+ (B↑ − B↓) sin2
(
φPi

)
. (5)

Below we show that we can null the differential ACSS for
each beam individually while maintaining a spin-dependent
force. This condition on the individual beams results in further
robustness to laser intensity fluctuations.

From this equation combined with Eq. (4), it is clear that
the differential ACSS depends on both the detuning � and
the polarization angle φPi . These equations can then be solved
numerically to find values of � and φPi where the differential
ACSS will be nulled. Such values can be found for detunings
where A↑ − A↓ and B↑ − B↓ have opposite signs [35]. If, for
a given value of �, the differential ACSS is nulled for a
polarization angle φP,ACSS, the angle −φP,ACSS will also give
�ACSSi = 0.

If we assume φP ≡ φPu = −φPl , applying both beams re-
sults in a spin-dependent force F↑(↓) = F0↑(↓) sin(∂k z − δt )
[35], where

F0↑(↓) = −2h̄∂k[A↑(↓) cos2 (φP ) − B↑(↓) sin2(φP )], (6)

and ∂k = |�ku − �kd | is the wave vector difference between the
upper and lower beams.

The choice φPu = −φPl allows us to null the differential
ACSS for each beam but still have a nonzero spin-dependent
force. The condition F↑ = −F↓ also increases how robust
the gate is to laser intensity fluctuations [35], so we try
to satisfy this condition as well. We define the polarization
angle that nulls the differential ACSS as φP,ACSS and the
polarization angle that results in F↑ = −F↓ as φP,F . For most
detunings, φP,ACSS does not equal φP,F . In Fig. 2 we plot the
difference between φP,ACSS and φP,F versus the laser detun-
ing �. There is a single point where one polarization angle

satisfies both conditions. It occurs at �/(2π ) = −5.29 GHz
with φP = φP,ACSS = φP,F = ±65.25◦ at 4.46 T. This is the
current operating point for the NIST LS gate [17,35].

B. Spontaneous emission in the light-shift gate

In previous quantum simulation results employing the
configuration and operating point discussed in the previous
section, spontaneous emission was the leading source of de-
coherence [17]. Here we present a thorough analysis of this
decoherence. Our aim is, first, to characterize better our cur-
rent operating point and explore if there are better operating
points for the LS gate and, second, to compare the perfor-
mance of the LS gate with that of the Mølmer-Sørensen gate
discussed in Sec. III.

To calculate the rate of decoherence due to spontaneous
emission, we follow the formalism outlined in Ref. [39],
which considered single-qubit decoherence from a single off-
resonant laser beam. There are two relevant categories of
spontaneous emission: Raman (inelastic or state-changing)
and Rayleigh (elastic or non-state-changing) scattering. In
many other results for trapped ions, such as Refs. [8] and [40],
decoherence due to Rayleigh scattering is either assumed or
shown to be negligible. This is not the case for many potential
configurations for entangling gates in high magnetic fields.

To summarize the results from Ref. [39], the rate of Raman
scattering from a starting state |i〉 to a final state | j〉 can be
calculated using the Kramers-Heisenberg formula,

�i j,1 = g2
0γ
∑

λ

(∑
J

Ai→ j
J,λ

)2

, (7)

where γ is the rate of spontaneous decay from the relevant
excited state, λ indicates the polarization of the photon, and
J ∈ { 1

2 , 3
2 } for the corresponding P fine-structure levels. The

subscript 1 indicates that this is the rate for a single laser beam.
The absence of such a subscript in later equations will indicate
we are considering the total rate of decoherence due to both
laser beams. The single-beam Raman scattering decoherence
rate is defined as

�r,1 = �↑↓,1 + �↓↑,1. (8)

For our calculations, the polarization λ is 0 for π transi-
tions and ±1 for σ± transitions. We use ε̂0,±1, respectively,
to indicate the polarization vectors. The relevant scattering
amplitudes Ai→ j

J,0 and Ai→ j
J,±1 are then

Ai→ j
J,λ = bλ〈 j | �d · ε̂∗

λ+i− j | J, i + λ〉〈J, i + λ | �d · ε̂λ | i〉
�iJλμ2

, (9)

where i, j ∈ {− 1
2 ,+ 1

2 }, b0 = cos(φP ), and b±1 = 1√
2

sin(φP ).
States that are given by |i〉 or | j〉 are qubit states and described
only by their mJ values, while excited states are described by
|J, mJ〉. �iJλ can be written as �iJλ = � + (ω0 − ωJ,i+λ) if
i = − 1

2 or �iJλ = � + �↑↓ + (ω0 − ωJ,i+λ) if i = + 1
2 . The

frequency ωJ,i+λ is defined such that h̄ωJ,i+λ is the energy dif-
ference of |J, i + λ〉 from the lowest energy level | 2S1/2, mJ =
−1/2〉. We note that for very large detunings (hundreds of
THz) there are additional corrections required for Eq. (7) as
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discussed in Ref. [41]. However, for the detunings we consider
in this paper, these additional factors should remain small.

Qubit decoherence due to Rayleigh scattering is calculated
from the difference in the elastic scattering amplitudes for
the two-qubit levels. In particular, the decoherence rate for
Rayleigh scattering is given by

�el,1 = g2
0γ
∑

λ

(∑
J

A↓→↓
J, λ −

∑
J ′

A↑→↑
J ′, λ

)2

. (10)

If the scattering amplitudes for the two-qubit states are nearly
the same in both magnitude and sign, the decoherence rate will
be very small. On the other hand, if the scattering amplitudes
are similar in magnitude but opposite in sign, then the scatter-
ing amplitudes constructively interfere, and the decoherence
rate is approximately twice that expected from the sum of the
elastic scattering rates of the two-qubit states.

Reference [39] shows that the total single-qubit, single
laser beam decoherence rate, defined as the decay rate of the
off-diagonal elements of the density matrix, is

�1 ≡ 1
2 (�r,1 + �el,1). (11)

Since the LS gate requires two laser beams at approximately
the same frequency, however, we will define �↑↓, �↓↑, and
�el as twice what would be obtained from a single beam. The
expressions from Eqs. (7), (8), (10), and (11) are modified
such that

�i j = 2g2
0γ
∑

λ

(∑
J

Ai→ j
J,λ

)2

, (12)

�r = 2(�↑↓,1 + �↓↑,1) = �↑↓ + �↓↑, (13)

�el = 2g2
0γ
∑

λ

(∑
J

A↓→↓
J,λ −

∑
J ′

A↑→↑
J ′,λ

)2

, (14)

� ≡ 1

2
(�r + �el ) = (�r,1 + �el,1). (15)

The inclusion of a coherent interaction with the analysis of
Ref. [39] can modify the effective single-qubit decoherence
rate (see Appendix B). For the LS gate the coherent interaction
engineered by the spin-dependent optical dipole forces is the
σ̂ z

i σ̂ z
j Ising interaction given by Eq. (1) with α → z. In the

mean field approximation, this Ising interaction reduces to a
σ̂z interaction where each spin σ̂ z

i interacts with an effective
magnetic field,

B̄i = 1

N

N−1∑
j �=i

Ji j
〈
σ̂ z

j

〉
, (16)

determined by the mean value of the remaining spins [35].
We show in Appendix B that including a σ̂ z interaction in the
master equation that describes decoherence from off-resonant
light scatter does not change the effective single-spin deco-
herence rate from that given by Eq. (15). However, the σ̂ x

interaction for the MS gate does in fact modify that decay rate,
as discussed further in Sec. III A.

C. Figure of merit for comparing spontaneous emission
and interaction strength

The decoherence rate given by Eq. (15) and the spin-
dependent force will both approach zero for large detunings,
and the trade-off between the interaction strength and the
decoherence rate is not necessarily obvious. We construct
metrics that will compare the strength of the engineered in-
teraction between ion qubits to the rate of decoherence due to
off-resonant light scatter.

The pairwise interaction strength between ion qubits i and
j is given by Ji j in Eq. (1). More specifically, Ji j can be written
as [35,42]

Ji j = F 2
0 N

2h̄m

N∑
n=1

bi,nb j,n

δ2 − ω2
n

, (17)

where bi,n is the component of the normalized eigenvector for
mode n and ion i. ωn is the corresponding motional angular
frequency, m is the mass of the ions, and we have defined
F0 as

F0 ≡ 1
2 (F0↑ − F0↓ ). (18)

For simplicity, we assume the modes to which we are coupling
in Eq. (17) are transverse modes and ω1 = ωz is the highest
frequency mode, the center-of-mass (COM) mode.

We consider two regimes for multiqubit operations. The
first regime is when the spin-dependent force and COM mode
frequency difference δz ≡ δ − ωz is comparable or large com-
pared to the bandwidth of the transverse modes, in which
case the coupling of the spin-dependent force to all modes
is roughly equal. This regime is often used for quantum sim-
ulation [29,43–45]. Here δ can be set arbitrarily as long as it
remains far from any mode [2]. In this “quantum simulation”
regime, the spin-dependent force drives many small rapidly
accumulating phase space loops of each mode. The amplitude
of the loops must be small compared to the size of the ground-
state wave function to avoid spin-motion entanglement and
realize an effective spin model at all times. In this regime, the
accumulated geometric phase for each mode grows linearly
with time t for timescales that are long compared to 2π/δz.
It is reasonable for this case to hold δz and ωz constant and
define a figure of merit,

ζQ,LS(�,φP ) ≡ [F0/(h̄∂k)]2

�
, (19)

such that ζQ,LS ∝ Ji j/�. Here � is the single-qubit decoher-
ence rate given by Eq. (15). We will refer to ζQ,LS as the
quadratic figure of merit.

We note that ζQ,LS has units of s−1 and depends linearly
on the intensity of the laser beams used, since F 2

0 ∝ g4
0 ∝ E4

while � ∝ g2
0 ∝ E2. For the purpose of comparing relative

values of ζQ,LS for different detunings and for the LS and
MS (Sec. III) gates, we normalize the quadratic figures of
merit by dividing by the value of ζQ,LS at the current NIST
operating point ζQ,0 [see Fig. 3(a)] assuming equal laser in-
tensities for all points. This normalization results in a unitless
parameter ζ ′

Q,LS. For a laser intensity I in units of W/m2,
ζQ,0/I ∼ 8400 m2/(Ws).

Because the spin-dependent force F0 decreases with in-
creasing detuning �, large detunings permit higher laser
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FIG. 3. The figures of merit for the LS gate vs detuning with the differential ACSS of each laser beam nulled. The red square point indicates
the current NIST operating point in both (a) and (b). For each point, the polarization angle φP,ACSS that nulls the ACSS is computed and then
that polarization is used to compute ζ ′

Q,LS(�, φP,ACSS) and ζL,LS(�, φP,ACSS). (a) The normalized quadratic figure of merit ζ ′
Q,LS vs the detuning

�/(2π ) assuming �ACSS = 0. No points are plotted for values of �/(2π ) that have no corresponding value of φP,ACSS. (b) ζL,LS vs �/(2π )
with �ACSS = 0. In (a) we assume the laser intensity is held fixed for all �. However, ζL,LS is independent of laser intensity, so the plot in
(b) will remain the same, even if different laser intensities are used for different values of �.

intensities before the onset of spin-motion entanglement.
The assumption of constant laser intensity as � is varied
therefore impacts the value of the quadratic figure of merit
ζQ,LS that we calculate at large detunings. This means ζQ,LS

is appropriate to use only when laser power is a constraint
and assumed to be constant over the bandwidth of detunings
� being considered. Because constraining the laser intensity
limits the potential performance of operations at large detun-
ings, we will restrict our consideration of this figure of merit
to detunings within approximately ±200 GHz of transitions
to the P state manifolds. The second regime that we will
consider is detuning close to a single motional mode such
that the mode dominates the interactions. This is the regime
relevant for experimental work done at NIST, where the spins
are coupled mainly to the COM mode. If we assume that we
couple primarily to the COM mode, Ji j is constant for any pair
of ions, and we have [17]

Ji j → J ≈ F 2
0

4h̄mωzδz
. (20)

This regime requires a more careful consideration. Here
the spin-dependent force drives large displacements in phase
space, and if the ion crystal does not return to the orig-
inal position in phase space at the end of the gate, there
will be residual undesired spin-motion entanglement [42]. In
this “gate” regime one typically targets generating an entan-
gled spin state obtained through the accumulation of a given
amount of geometric phase � [31,46]. Optimal performance
is achieved by executing one or a small number of complete
phase space loops. In this case one can show that

� ∝ (F0τg)2, (21)

where τg = 2π/δz is the duration of the gate. Since, in this
regime, geometric phase is accumulated quadratically with
the gate duration, τg ∝ √

�/F0, the anticipated error in the
gate will be approximately �τg ∼ �/F0. For the gate regime,

therefore, we define a linear figure of merit,

ζL,LS(�,φP ) ≡ F0/(h̄∂k)

�
. (22)

We note that ζL,LS is dimensionless and independent of the
laser intensity.

In Fig. 3 we plot the two figures of merit, ζ ′
Q,LS and

ζL,LS, versus the detuning �/(2π ) for values of � where the
differential ACSS is 0. The local maxima in the figures of
merit correspond to laser detunings that lie between different
Zeeman levels of the P state manifold. Where the figure of
merit approaches zero corresponds to resonances between one
of the qubit levels and one of the Zeeman levels of the P
state manifold. The points in these plots are computed by
finding the values of φP such that �ACSS = 0 (φP,ACSS) and
then substituting that value along with � into Eqs. (6), (13),
and (14) to compute ζQ,LS(�,φP,ACSS) and ζL,LS(�,φP,ACSS).
We then divide all values of ζQ,LS by ζQ,0 to obtain ζ ′

Q,LS. As
mentioned in Sec. II A, most values of � have no value φP

that satisfies �ACSS = 0, so we do not plot points for these
detunings in Fig. 3.

Furthermore, the figure of merit for the operating point
we found in Sec. II A where �ACSS = 0 and F↑ = −F↓ is
shown in red in both plots. Not only is this a favorable point
to operate for robustness to laser intensity fluctuations, but
for detuning between the excited state Zeeman levels it also
has a high value of ζL,LS, indicating that our error rate due
to spontaneous emission will be low compared to most other
detunings.

There are some notable differences between the two fig-
ures of merit. In general the linear figure of merit increases
at large detunings because F0 ∝ 1/�2 and � ∝ 1/�4 (see
Sec. IV and Appendix C) at the expense of decreasing gate
speed for fixed laser intensity. Another significant differ-
ence is the large peak in the value of ζL,LS with nulls of
the ACSS over a bandwidth of ∼100 GHz centered around
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FIG. 4. (a) ζ ′
Q,LS vs �/(2π ) for vertical (top) and horizontal (bottom) polarizations. This figure of merit approaches constant values for

large detunings but is not useful in this regime because of the assumption of constant laser power. (b) ζL,LS vs �/(2π ) for vertical (top) and
horizontal (bottom) polarizations. Note that ζL,LS diverges rapidly for detunings outside the P manifolds, indicating that spontaneous emission
error will be rapidly suppressed by using large detunings when operating in the gate regime. Large detunings do require much higher power,
however. The trade-off between the challenges of the power requirements and the benefits of lower spontaneous emission are discussed further
in Sec. VI. For horizontal polarization, the six points with the furthest negative detunings where ζL,LS = 0 correspond to resonances where
� ∼ γ . The points near �/(2π ) ∼ 170 and 450 GHz with ζL,LS = 0 correspond to points where �ACSS = 0 so the spin-dependent force is 0.

�/(2π ) ∼ 300 GHz. The presence of this peak provides an
opportunity for both nulling the ACSS and suppressing errors
due to spontaneous emission compared to the current NIST
operating point when operating in the gate regime. However,
we will show in Sec. VI that this point requires prohibitively
high laser power.

Alternatively, we can relax the constraint on the ACSS and
consider other possible configurations. If these configurations
improve the appropriate figure of merit and if the laser power
can be sufficiently stabilized, it may be worthwhile to consider
operating with �ACSS �= 0. As two particular examples, we
consider the cases of purely vertical or horizontal polarization
in each beam and plot the results for both figures of merit in
Fig. 4. For the linear figures of merit for both horizontal and
vertical polarization [see Fig. 4(b)] and the quadratic figure of
merit with vertical polarization [top plot of Fig. 4(a)], the
peaks are approximately centered between atomic resonances.
The more complicated shape for the quadratic figure of merit
with horizontal polarization results from transitions driven by
both σ+ and σ− polarized light. The plots in Fig. 4 also show
that the maximum value of ζQ,LS is larger than ζQ,0 by almost
a factor of two, while ζL,LS grows rapidly for large detunings.
For detuning δ close to a single motional mode, where using
ζL,LS is appropriate, it would then be advantageous to have
as large of a detuning � as possible if laser power is not a
constraint and the laser intensity, and therefore the ACSS, can
be sufficiently stabilized.

The results of this section assume 9Be+ in a 4.46 T mag-
netic field. In Sec. IV we investigate how the figures of merit
for the LS gate configuration discussed in Sec. II A depend
on the magnetic field. In Sec. VII we indicate how the results

discussed here are modified for ions with larger P state fine-
structure splittings.

III. HIGH-FIELD MØLMER-SØRENSEN GATE

While previous NIST Penning trap experiments used the
LS gate discussed in Sec. II [4,17,18,35], there may be advan-
tages to using the MS gate. Depending on the experimental
configuration, the MS gate can increase the robustness to rel-
ative phase fluctuations of the laser beams involved compared
with the LS gate. The MS gate when driven off-resonantly on
an electric dipole transition requires a minimum of three laser
beams—a beam, frequently denoted as the carrier [37], which
has angular frequency ωC , and the red and blue sidebands
(RSB and BSB, respectively), which have angular frequen-
cies of ωRSB and ωBSB. There are multiple options for the
frequencies of the red and blue sideband laser beams and for
the spatial configuration of the beams. We will assume here
that both the red and blue sidebands are applied with the lower
laser beam and the carrier with the upper laser beam as shown
in Fig. 5. One possible frequency configuration is ωBSB =
ωC + �↑↓ + ωz + δz and ωRSB = ωC + �↑↓ − ωz − δz. An-
other possibility entails detuning the red and blue sidebands in
opposite directions from the carrier frequency. Specifically, in
this case, ωBSB = ωC + �↑↓ + ωz + δz as before but ωRSB =
ωC − �↑↓ + ωz + δz [37]. The first beam geometry is known
as the “phase-sensitive” configuration, while the second is
known as the “phase-insensitive” configuration. These names
refer only to the phase on the spin of the ions, however, and
not the phase on the motional state during the gate. The phase-
insensitive gate thus results in a qubit spin state [see Eq. (1) of
Ref. [37]] that is robust to differential phase fluctuations in the
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FIG. 5. Schematic of the lasers required for driving a Mølmer-
Sørensen gate in the Penning trap. The beam with angular frequency
ωC is assumed to be the upper beam, while the red and blue sidebands
(angular frequencies ωRSB and ωBSB, respectively) copropagate along
the lower beam path. The relationship between ωC and ωRSB(BSB)

depends on whether the “phase-sensitive” or “phase-insensitive”
configuration is used. The angle between the beams is assumed to
remain the same as in the LS gate [see Fig. 1(b)].

red and blue sidebands, but a motional state that is sensitive to
these differential phase fluctuations. The phase-sensitive gate
has the opposite effect. For both the sensing work discussed in
Refs. [4] and [36] and driving gates in 3D crystals, we require
the motional state to be insensitive to phase fluctuations and
are thus interested in the so-called phase-sensitive scheme. In
this beam geometry, we would obtain the phase stability and
other advantages discussed here and in Sec. I.

However, if the MS gate were to introduce significantly
more decoherence due to spontaneous emission than the LS
gate, that could limit its utility for quantum simulations and
sensing because decoherence due to off-resonant light scatter
already is the leading source of error in the current operating
configuration at NIST (see Sec. II A and Ref. [17]). Thus, we
want to be able to compare ζQ,LS and ζL,LS with equivalent
figures of merit ζQ,MS and ζL,MS for the MS gate. Additionally,
we would ideally like to maintain the condition that the dif-
ferential ACSS is nulled. We consider two possibilities—one
where we require that the differential AC Stark shift be nulled
(�ACSS = 0) when all beams are applied (configuration 1) and
a second where the AC Stark shift is nulled for each individual
laser beam (configuration 2).

For the following calculations, we will define �MS ≡
1
2 (ωRSB + ωBSB) − ω0 = ωC + �↑↓ − ω0 where h̄ω0 was pre-
viously defined as the zero-field frequency difference between
the S1/2 and P3/2 states. Additionally, for the character-

ization of the ACSS and spontaneous emission, we will
neglect the frequency differences in the red and blue side-
bands since ωz, δz � �↑↓. Specifically, we will take ωSB =
ωRSB = ωBSB = ωC + �↑↓ when calculating the detunings
from atomic resonances for the scattering amplitudes and
the ACSS. This assumption does not affect the calculation
of the single-spin decoherence rate, as discussed further in
Appendix B.

As indicated above, we consider two laser configurations,
which are summarized in Table I. First, we will assume the
sideband (higher frequency) beam has pure horizontal polar-
ization, while the carrier (lower frequency) beam has pure
vertical polarization. With the beams aligned approximately
perpendicularly to the magnetic field, this results in the side-
bands having equal components of σ+ and σ− polarized light
but no π polarized light, while the carrier has only π polar-
ization. In the second configuration, we will consider the case
where the two beams have the same intensity, but we select the
polarization angles of each beam such that either beam results
in a nulled differential ACSS.

For configuration 1 (see Table I), we will allow the relative
intensities of the two beams to vary while maintaining a con-
stant total laser power. We define the electric fields of the two
beams,

�EC1 = EC0 ẑ cos(�kC · �r − ωCt ),

�ESB1 = ESB0 x̂ cos(�kSB · �r − ωSBt ), (23)

where we are making the same small angle approximation
as for the polarization of the beams in the LS gate. To en-
sure correct normalization of the intensity, we impose the
constraint E2

C0
+ E2

SB0
= 2E2

MS0
. We can thus parameterize the

relative intensities with a single effective angle ϕMS with
ESB0 = √

2 cos(ϕMS)EMS0 and EC0 = √
2 sin(ϕMS)EMS0 .

For configuration 2, as described in Table I, the two beams
have equal intensities, and the polarizations are set such that
�ACSS = 0 with either beam. The electric fields are given by

�EC2 = EMS0 ε̂C cos(�kC · �r − ωCt ),

�ESB2 = EMS0 ε̂SB cos(�kSB · �r − ωSBt ), (24)

where, assuming linear polarization,

ε̂C = cos (φC )ẑ + sin (φC )x̂,

ε̂SB = cos (φSB)ẑ + sin (φSB)x̂. (25)

In principle, these electric fields could have any linear po-
larization, but we will limit our discussion here to the case

TABLE I. Summary of the configurations considered for the Mølmer-Sørensen gate with a brief description and references to the electric
field definitions and plots of the figures of merit.

Label Description Electric field equations Figure of merit plots

1 Perpendicularly polarized beams, σ polarization in high-frequency Eq. (23) Fig. 6
beam, and π polarization in low-frequency beam. Relative
intensities can vary.

Fig. 10

2 Polarizations set such that �ACSS = 0 for each beam. Intensities
are the same for both beams.

Eq. (24) Fig. 7
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where φC and φSB are set to null the ACSS from �EC2 and �ESB2

respectively.

A. Spontaneous emission in the Mølmer-Søresen gate

Given these laser parameters, we now look at the calcula-
tion of single-qubit decoherence due to spontaneous emission
in the MS gate. This calculation is less straightforward than
that for the LS gate because of the different frequencies of
the carrier and sideband laser beams. Also, the inclusion of
the appropriate coherent interaction, which for the MS gate is
a σ̂ x interaction, changes the expression for the single-qubit
decoherence from that used for the LS gate [Eq. (15)]. Further
details are discussed in Appendix B. We find that the single-
qubit decoherence rate due to spontaneous emission in the MS
gate is

�MS = 1
4 (�el + 3�r ), (26)

where �el and �r are the rates of decoherence due to Rayleigh
and Raman scattering from all laser beams (the carrier as well

as the sideband beams) obtained from the methodology of
Ref. [39] and calculated using Eqs. (7), (8), and (10) for each
beam and adding the single beam rates together. This rate can
be compared to � for the LS gate [Eq. (15)].

B. Interaction strength and figure of merit
for the Mølmer-Sørensen gate

To determine the figures of merit for the MS gate, ζQ,MS

and ζL,MS, we first consider the Ising interaction strength Ji j ,
or if we couple primarily to the COM mode, J . For the MS
gate, J can be written in terms of experimental parameters
as [42]

J ≈ h̄(�R∂k)2

4mωzδz
, (27)

where �R is the two-photon Rabi frequency. Since we are
assuming the carrier beam has a lower frequency than the
sideband beam, �R can be written as

�R =
(

g0

μ

)2
(

〈↑ | �d · �E ′
Ci

| 3〉〈3 | �d · �E ′
SBi

| ↓〉
�MS + (ω0 − ω3)

+ 〈↑ | �d · �E ′
Ci

| 6〉〈6 | �d · �E ′
SBi

| ↓〉
�MS + (ω0 − ω6)

+〈↑ | �d · �E ′
Ci

| 2〉〈2 | �d · �E ′
SBi

| ↓〉
�MS + (ω0 − ω2)

+ 〈↑ | �d · �E ′
Ci

| 5〉〈5 | �d · �E ′
SBi

| ↓〉
�MS + (ω0 − ω5)

)
, (28)

where ω j is defined as in Eq. (4) and g0 = (μEMS0 )/(2h̄).
Additionally, i gives the index for which configuration of
laser beams (either configuration 1 or configuration 2 from
Table I) is used and �E ′

Ci
and �E ′

SBi
equal �ECi/EMS0 and �ESBi/EMS0 ,

respectively.
By comparing Eq. (27) with Eq. (20) and considering the

LS gate figures of merit as defined in Eqs. (19) and (22), we
see that appropriate corresponding figures of merit for the MS
gate are

ζQ,MS = �2
R

�MS
, (29)

ζL,MS = �R

�MS
. (30)

As with the LS gate, we define a scaled quadratic fig-
ure of merit ζ ′

Q,MS = ζQ,MS/ζQ,0. We plot both figures of
merit for configuration 1 (see Table I) in Fig. 6. We con-
sider various values of ϕMS, or equivalently bσ and bπ , where
bσ = √

2 sin(ϕMS) and bπ = √
2 cos(ϕMS). We indicate points

where the differential ACSS is nulled for increased robustness
to laser intensity fluctuations. In Sec. VI we will compare
various operating points for the linear figure of merit for both
configuration 1 and configuration 2 for the MS gate with
various operating points for the LS gate. For now, we note
that the maximum values for ζ ′

Q,MS are generally comparable
to those for ζ ′

Q,LS when the ACSS is nulled although slightly
smaller. For the linear figure of merit, the point at a detuning of

approximately −160 GHz in configuration 1 with bσ = √
2bπ

[shown in purple in Fig. 6(b)] yields a value of ζL,MS that is
about 1.5 times larger than the value of ζL,LS at the current
NIST operating point for the LS gate.

Additionally, we can consider the resulting figures of merit
when the applied electric fields are given by �EC2 and �ESB2

as defined in Eq. (24). The advantage of this configuration
(configuration 2 in Table I) is that it permits nulling of
the differential ACSS at many different detunings and re-
duces sensitivity to intensity fluctuations that differ in the
two beams. In principle, we could also consider allowing
the relative amplitudes to vary as we did for configuration
1 [Eq. (23)], but for the sake of simplicity and providing an
example, we consider only the case where the amplitudes are
both equal.

We plot the resulting figures of merit in Fig. 7. For each
detuning, if there is a polarization angle φ that nulls the dif-
ferential ACSS, then both +φ or −φ will null the differential
ACSS. Changing the sign of the polarization angle for one
beam results in changing the sign of two of the terms in
�R [Eq. (28)], which can change constructive interference to
destructive and vice versa. We note that the maximum value of
ζ ′

Q,MS in configuration 2 is comparable to that in configuration
1. Also, it is worth noting that there is an operating point at
�MS/(2π ) = −142.6 GHz in configuration 2 with a value of
ζL,MS comparable to that for ζL,LS at the current NIST operat-
ing point [compare Fig. 7(b) with Fig. 3(b)]. More details of
potential operating points for the MS gate will be discussed in
Sec. VI.
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FIG. 6. Figures of merit for the MS gate vs �MS/(2π ) for configuration 1. We show three possible settings of the relative electric field
amplitudes of the two laser beams—bσ = bπ (blue solid line), bσ = √

2bπ (orange dashed line), and
√

2bσ = bπ (green dashed and dotted
line). Additionally, we indicate the detunings where these intensity settings result in �ACSS = 0 with red circles, purple diamonds, and brown
squares, respectively. (a) ζ ′

Q,MS vs detuning �MS. (b) ζL,MS vs detuning �MS. The far-detuning regime where ζL,MS diverges has similarly
stringent power requirements to the comparable regime for the LS gate. However, the strong suppression of spontaneous emission makes
consideration of this regime important. Further details on operating in this regime are discussed in Sec. VI.

IV. GATE PERFORMANCE FOR VARYING
MAGNETIC FIELDS

While we currently operate our experiment at ∼4.5 T, this
field is not necessarily the most favorable. In particular, using
Penning traps at lower magnetic fields has some technical
advantages, including the possibility of employing permanent
magnets resulting in a much more compact setup [47,48]. We
explore the viability of both the LS and MS gates at lower
fields.

In Fig. 8(a) we plot ζ ′
Q,LS vs � for points where �ACSS = 0

for magnetic fields of 0.5 T, 2.5 T, and 4.5 T. There is a small
decrease in the maximum figure of merit from 4.5 T to 2.5 T,

and then a larger decrease at 0.5 T. However, if we relax the
constraint on the differential ACSS and consider vertically
polarized beams, the maximum value of the figure of merit
remains approximately constant for all fields as shown in
Fig. 8(b). Additionally, it is interesting to note that the opti-
mal laser frequency for both configurations remains constant
regardless of magnetic field, corresponding to the zero-field
frequency difference between the S1/2 and P3/2 manifolds. The
second peak at a detuning �/(2π ) ≈ −200 GHz in Fig. 8(b)
corresponds to a laser frequency approximately equal to the
zero-field frequency difference between the S1/2 and P1/2

levels.

FIG. 7. Figures of merit for the MS gate versus detuning for configuration 2 (Table I). The points where both φSB and φC are positive are
shown with blue x’s, and the points where φSB is positive and φC is negative are shown with orange circles.
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FIG. 8. Plots of the quadratic figure of merit for magnetic fields of 0.5 T, 2.5 T, and 4.5 T vs �. (a) ζ ′
Q,LS assuming the ACSS is nulled.

The 0.5 T points are shown with blue circles, the 2.5 T points are shown with orange diamonds, and the 4.5 T points are shown with green
x’s. The maximum point is at approximately the same frequency for every field, but the figure of merit slowly decreases as the field decreases.
(b) ζ ′

Q,LS for vertical polarization at 0.5 T (blue dashed line), 2.5 T (orange dashed and dotted line), and 4.5 T (green solid line). Not only does
the optimal operating frequency remain approximately constant, but the maximum figure of merit remains approximately constant as well. As
discussed when introducing the quadratic figure of merit (see Sec. II C), all curves assume the same fixed laser intensity.

In the quantum simulation regime, tuning between the
Zeeman levels appears to provide a viable operating point
even for low magnetic fields. For the gate regime, Figs. 9(a)
and 9(b) show plots of the linear figure of merit for magnetic
fields of 0.5 T, 2.5 T, and 4.5 T both for when the ACSS can
be nulled and for vertical polarization. The linear figure of
merit ζL,LS is lower for weaker magnetic fields when the laser
frequencies are tuned between the excited state Zeeman levels.
Qualitatively, from Eqs. (4), (7), and (9) one expects ζL,LS to
increase with �. Because the spacing between the Zeeman
levels decreases with decreasing magnetic field, tuning be-
tween the Zeeman levels results in decreasing performance
as the magnetic field is reduced.

In Fig. 9(c) we further demonstrate this decrease in per-
formance of the LS gate linear figure of merit with decreasing
magnetic field, but now in a regime where � is large compared
to all other relevant frequencies. This reinforces the trend pre-
liminarily observed in Fig. 9(b), where ζL,LS increases more
rapidly with detuning as the magnetic field increases. We can
understand the magnetic field dependence of ζL,LS by consid-
ering the spin-dependent force and rate of decoherence due
to spontaneous emission independently. The spin-dependent
force is proportional to the differential AC Stark shift between
the levels |↓〉 and |↑〉. For the LS gate with linearly polarized
laser beams (see Sec. II A), the matrix elements that couple
the |↓〉 and |↑〉 levels to the excited P states are identical,
and a differential AC Stark shift is obtained only through
different detunings in the denominators in the expressions for
the ACSS for |↓〉 and |↑〉 in Eq. (4). At zero magnetic field,
the detunings are the same for both qubit states, resulting in
no spin-dependent force. As the magnetic field B increases,
the difference in the detunings for |↓〉 and |↑〉 increases,
resulting in a spin-dependent force that increases linearly with
magnetic field. For large detunings �, one can show that the
spin-dependent force increases linearly with the ratio of the

Zeeman splittings (parameterized as �z = μB

h̄ B) to the square
of the detuning � [see Appendix C and Eq. (C3)]. �r and �el

are both independent of the magnetic field strength to lowest
order in �z/�.

LS gates could be improved by having the ODF laser
beams enter the trap at larger angles with respect to the
plane of the ion crystal, thus enabling significantly different
intensities for σ+ and σ− polarized light. This laser beam
configuration would result in a nonzero differential ACSS
even at zero magnetic field because of the asymmetry be-
tween transitions driven by the different σ polarizations. This
would mitigate the strong magnetic field dependence of ζL,LS

obtained for linear polarizations with beams perpendicular to
�B. As briefly discussed, larger angle ODF beams will generate
a shorter wavelength 1D optical lattice, which can increase the
challenge of aligning the ODF wavefronts with the extended
single-plane crystal.

We can also look at whether the MS gate has a similar
magnetic field dependence. We plot ζL,MS vs �MS/(2π ) for
a variety of fields in Fig. 10 for configuration 1 (see Table I).
The plot in Fig. 10(a) shows that, while the optimal values of
�MS shift depending on the magnetic field, there are operating
points for every magnetic field shown that have values of
ζL,MS comparable to the value of ζL,LS for the current NIST
operating point. Additionally, we demonstrate with the plot
in Fig. 10(b) that the linear figure of merit does not, in fact,
decrease significantly with decreasing magnetic field for the
MS gate for large detunings. This result is in agreement with
the discussion in Appendix C, which shows that there is no
leading order dependence of �R or �MS on the magnetic field
(i.e. on �z/�MS). This analysis suggests that the MS gate may
be preferable to the LS gate at lower fields when laser beams
nearly perpendicular to the magnetic field are desired.

We note that the scaling of the linear figures of merit for the
LS and MS gates with the detuning � and �MS, respectively,
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FIG. 9. ζL,LS for magnetic fields of 0.5 T, 2.5 T, and 4.5 T vs
�. (a) ζL,LS assuming the ACSS is nulled for 0.5 T (blue circles),
2.5 T (orange diamonds), and 4.5 T (green x’s). (b) ζL,LS with vertical
polarization for 0.5 T (blue dashed line), 2.5 T (orange dashed and
dotted line), and 4.5 T (green solid line). (c) ζL,LS for 0.5 T (blue
dashed line), 2.5 T (orange dashed and dotted line), and 4.5 T (green
solid line) assuming vertically polarized laser beams for large values
of �.

appears to be quadratic for large detunings. While it may
be more intuitive to assume that F0 ∝ 1/�, �R ∝ 1/�MS,
� ∝ 1/�2, and �MS ∝ 1/�2

MS [see Eqs. (4), (7), (9), (28),
and (26)], the more detailed analysis of Appendix C shows
that, due to the interaction with both the P1/2 and P3/2 lev-
els, the interaction strengths F0 and �R are proportional to

1/�2 and 1/�2
MS, respectively. Additionally, � ∝ 1/�4 and

�MS ∝ 1/�4
MS, resulting in an overall scaling for the linear

figures of merit for the LS and MS gates with �2 and �2
MS,

respectively, assuming large detunings.

V. SPONTANEOUS EMISSION ERRORS IN A TWO-QUBIT
LIGHT-SHIFT GATE

The analysis of Secs. II and III derives optimal laser de-
tunings �(�MS) for implementing the LS (MS) gate in a high
magnetic field. Tuning the optical dipole force laser beams to
a virtual level between the Zeeman levels, as is implemented
in the NIST Penning trap, is shown to have local maxima
in the linear figures of merit. Additionally, setting the detun-
ing � between the Zeeman levels results in useful features
such as AC Stark shift nulls and modest laser power require-
ments. These detuning settings become possible only in strong
magnetic fields. A careful comparison between the potential
performance that can be achieved at high magnetic field by
tuning between the Zeeman levels and at low magnetic field,
where trapped ion gates are performed with large detunings
from any excited state levels, is of interest. A frequent assess-
ment of the quality of a quantum information system is the
fidelity of a maximally entangling gate between two qubits.
While in practice we operate with many more than two qubits,
this example will serve as a useful point of comparison with
other quantum systems.

A previous characterization of the fidelity limitations of a
two-qubit gate with spontaneous emission in trapped ion clock
qubits was discussed in Ref. [40]. However, that paper does
not consider the direct impacts of Rayleigh scattering on the
ion coherence, instead considering only the impact of recoil
from Rayleigh scattering. This approach is valid for clock
qubits, where

∑
J A↑→↑

J,λ and
∑

J ′ A↓→↓
J ′,λ are nearly equal for

all λ for typical experimental parameters. However, for the
Zeeman qubits discussed here, elastic scattering contributes
directly to the decoherence of the internal state of the ion.

Although general methods for calculating the rates of deco-
herence from off-resonant light scatter have been established
in the literature [39], an expression for the fidelity of a two-
qubit entangling gate in the presence of off-resonant light
scatter is not available. In this section, we present such an
expression for the LS gate and evaluate it for relevant oper-
ating configurations. Appendix D details the derivation of the
expression and a comparable result for the MS gate.

To derive this fidelity expression, we assume the qubits
are prepared in the state |ψi〉 = |++〉 where |±〉 = 1√

2
(|↓〉 ±

|↑〉). We then allow the qubits to evolve under ĤLS from
Eq. (1) with N = 2 and Ji j → J since there is a single pair
of ions involved. The resulting ideal state is

|ψ0〉 = 1

2

∑
σ z

1 σ z
2 =±1

e− 1
2 iJtσ z

1 σ z
2
∣∣σ z

1σ z
2

〉
, (31)

where we parameterize the qubit states of the ith ion with the
numbers σ z

i = ±1 corresponding to the qubit states |↑〉 and
|↓〉, respectively. When t = τg = π

2J , this state corresponds to
a maximally entangled Bell state.
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FIG. 10. Linear figures of merit for the MS gate for magnetic fields of 0.5 T (blue dashed line), 2.5 T (orange dashed and dotted line), and
4.5 T (green solid line). We assume the beams are configured according to configuration 1 (see Table I) and have equal intensities. (a) ζL,MS

vs �MS for detunings near atomic transitions. (b) ζL,MS vs �MS for large �MS. The value of ζL,MS is nearly constant with magnetic field, so the
curves for the three fields are nearly on top of each other.

To find the fidelity, we compute the overlap between the
density matrix for the ideal Bell state

|�b〉 = 1√
2

(|++〉 − i |−−〉), (32)

with the density matrix of the two-ion system at time τg =
π/(2J ) accounting for spontaneous emission. The derivation
of the density matrix with spontaneous emission and the
resulting full expression are presented in Appendix D. Assum-
ing that the interaction strength J is large compared to �r and
�el , we obtain a simplified expression for the fidelity at the
Bell state time

FLS(τg) ≈ 1 − ( 3
4�r + 1

2�el
)
τg (33)

as shown in Appendix D.
A key feature of this result is the suppression of the impact

of Rayleigh scattering relative to that of Raman scattering by
a factor of 2

3 . This suppression indicates that the discussion
and results from Ref. [40] are not straightforwardly extended
to include Rayleigh scattering. We also note that this fidelity is
independent of gate duration. The time independence results
from the fact that the error is proportional to �τg and � ∝ g2

0
while, from Eq. (21), τg ∝ 1/g2

0.
We can now calculate an approximate expected error due

to spontaneous emission for this gate at our current laser
frequency detuning, polarization angle, and center-of-mass
mode frequency, where we have �/(2π ) = −5.29 GHz, φP =
±65.3◦, and ωz/(2π ) = 1.59 MHz. We also assume a gate
comprising a single loop in phase space. To compare the
infidelities due to spontaneous emission of gates at high fields
with those performed in RF Paul traps, we assume a more sim-
ilar laser beam geometry to those systems. Leading trapped
ion platforms often use angles between their beams of either
90◦ [7,8] or 180◦ [49] as opposed to the 20◦ currently used in
our experiment. These higher angles result in a larger value
of ∂k with laser parameters that are otherwise constant, and
therefore a higher interaction strength with less spontaneous
emission. With an angle between our beams of θR = 90◦

but the same laser frequency detuning and polarization, we
obtain a two-qubit gate error of 8.6 × 10−3, a factor of four
lower than with our current separation angle (θR = 20◦). In
the highest fidelity trapped ion gates using ground-state qubits
and electric dipole transitions, the errors due to spontaneous
emission are given as 4 × 10−4 [7] and 5.7 × 10−4 [8], about
an order of magnitude lower than we could achieve with our
current laser detuning. These gates, however, were operated
with much larger detunings (−1 THz and −730 GHz), respec-
tively, from atomic transitions and therefore required much
higher laser intensities.

These results also confirm the discussion in Sec. II C on the
applicability of the linear and quadratic figures of merit. We
emphasize that the case considered in this section requires the
use of the linear figure of merit, since we are assuming a fixed
relationship between J , τg, and δz. The results for the linear
figure of merit with the ACSS nulled [Fig. 3(b)] suggest that
a two-qubit gate could be significantly improved by operating
at a detuning of approximately 300 GHz. Indeed, at this point,
with a polarization φP = 70.5◦, we compute a gate error of
3.1 × 10−3 for θR = 90◦. The error does not improve by as
large of a factor as ζL,LS because of the relative suppression
of the effect of Rayleigh scattering. If the ACSS is not nulled,
large detunings outside of the P1/2 and P3/2 manifolds would
also be a promising option [Fig. 4(b)] if laser power is not a
limitation. We discuss these trade-offs further in Sec. VI.

VI. COMPARISON OF FIGURES OF MERIT AND
REQUIRED OPTICAL POWERS FOR POTENTIAL

OPERATING POINTS

In Secs. II B and III B we demonstrated that there are
a variety of laser detunings and polarizations that produce
advantageous figures of merit. However, there are other con-
siderations for implementing these settings in the laboratory.
In this section, we select a number of potential operating
points and compare them with regard not only to spontaneous
emission, but also with regard to the laser power required and
the differential AC Stark shift.
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TABLE II. Various operating points of interest for the gate regime. The points for the LS gate are characterized by a detuning � and
a polarization angle φP. For the MS gate, we consider both configurations 1 and 2 (see Table I). For configuration 1, there are two relevant
parameters that can vary—the detuning � and the ratio of the electric fields bσ /bπ . For configuration 2, there are three relevant parameters—the
detuning �, the polarization angle for the sideband beam, φSB, and the polarization angle for the carrier beam, φC . φC can be either positive
or negative. For each point, we include the value of the linear figure of merit (ζL,LS or ζL,MS) and the total laser power required to achieve
a two-qubit cat state time of 1 ms with Gaussian laser beams with a 1/e2 waist of 1 mm. We note that operating point 1 corresponds to the
current NIST configuration.

Operating
point
number Gate type Beam detuning and polarization

Linear figure of
merit value

Power required
(mW) Figure

1 LS �/(2π ) = −5.29 GHz, φP = ±65.3◦ 1066.9 13.6 Fig. 3(b)
2 LS �/(2π ) = 299.3 GHz, φP = ±70.5◦ 3440.9 3443.6 Fig. 3(b)

3 MS �MS/(2π ) = −163.2 GHz, perpendicular
polarizations, bσ = √

2bπ

1769.7 48.9 Fig. 6(b)

4 MS �MS/(2π ) = −142.6 GHz,
φSB = 39.3◦φC = −41.5◦

1041.2 20.1 Fig. 7(b)

5 MS �MS/(2π ) = 431.4 GHz, φSB = 83.5◦, φC = 71.0◦ 9512.9 1997.9 Fig. 7(b)

For this comparison, we consider the linear figures of
merit, ζL,LS and ζL,MS, for the LS and MS gates, respec-
tively. We focus here on the gate regime where the spin-
dependent optical dipole force frequency is tuned close to the
frequency of an ion crystal motional mode. This includes
recent experiments in the NIST Penning laboratory where the
spin-dependent force frequency is tuned close to the COM
mode [18].

In the gate regime, the spin-dependent force, and therefore
the laser intensity, required to generate a given entangled
spin state is inversely proportional to the gate time τ . In
trapped ion experiments in RF Paul traps, laser beams are
often focused to have very small waists at the ion locations,
especially for gates between pairs of individual ions [50].
In the NIST Penning trap, however, in part because the ion
crystal is rotating, we implement a global entangling gate
and address the whole crystal of ions simultaneously with
a nearly uniform electric field. For approximately 100 ions,
a uniform laser intensity with a circular beam requires a
Gaussian beam waist of ∼1 mm at the plane of the ions. In
comparison to the ∼10 μm waists employed with smaller ion
crystals in RF traps, this constraint results in a lower intensity
for a given power. Therefore, for Penning traps and large
ion crystals in general it is important to consider the power
requirements for driving global quantum operations. For the
sake of comparison, we choose to consider the power required
to achieve a two-qubit spin cat state (or Bell state) in a time
τ = π/(2J ) [18] of 1 ms (δz/(2π ) = 1 kHz). We assume that
the laser beam is Gaussian and the radius where the laser
intensity is reduced by 1/e2 is 1 mm. Additional assumptions
include a COM mode frequency ωz/(2π ) = 1.59 MHz and a
1D difference wave vector ∂k from the use of 313 nm laser
beams (9Be+) crossing at ±10◦ as shown in Figs. 1(b) and 5.
These parameters result in a single-ion Lamb-Dicke parameter
η = ∂kz0 = 0.13 where z0 = √

h̄/(2mωz ). As an aside, we
note that the cat state time scales with the number of ions N ,
so for the same laser power and a 100 ion crystal, this is only
2% of the time required to achieve a spin cat state. Previous
work at NIST demonstrated coherent quantum evolution with
100 ions to approximately 7% of the spin cat state time in
∼1 ms [18].

Table II lists five operating points, chosen because of their
relatively high figure of merit values, that we will examine
more closely. For all of these points the AC Stark shift can
be nulled. Two of these points are for the LS gate, and three
are for the MS gate. With points 1, 3, and 4, the optical
dipole force lasers are tuned between the Zeeman levels of
the excited P state manifolds. With points 2 and 5, the optical
dipole force lasers are tuned to the high-frequency side of the
excited P state manifolds. For the LS gate, an examination
of Fig. 3(b) reveals that, other than the current NIST operat-
ing point (point 1), there are no operating configurations for
which the AC Stark shift can be nulled with a significantly
higher values of ζL,LS except for point 2 (and other points
near it). While point 2 initially seems like a promising option
since it has both a high value of ζL,LS and no differential
ACSS, it requires a laser power that is not readily attainable
with current technology. This high power requirement results
from both the large detuning and the fact that F↑ ∼ F↓ for
the polarizations required to null the differential ACSS. The
current NIST operating point (point 1 in Table II) is therefore
roughly optimal for an LS gate obtained by tuning between
the Zeeman levels and nulling the AC Stark shift. Below we
will contrast the merits of point 1 with the range of large
detunings shown in Figs. 4(b) and Fig. 11(a) where much
larger figures of merit can be achieved, but with the drawback
of a nonzero differential ACSS.

An inspection of Figs. 6(b) and 7(b) indicates that points
3–5 provide some of the best options for an MS gate where the
AC Stark shift is nulled. As shown in Fig. 6(b), point 3 clearly
has the highest value of ζL,MS of any point in the perpen-
dicular polarization configuration with �ACSS = 0.2 However,

2Point 3 is very close to an atomic resonance (<2 GHz) that can
be driven by π polarized light in the high-frequency beam or σ

polarized light in the lower-frequency beam. Therefore, small po-
larization impurities result in rapid decreases in the figure of merit as
the deviation from the ideal polarization increases. Other potential
operating points with similar figures of merit and a nulled ACSS
could be obtained by adjusting the ratio bσ /bπ to shift the null point
away from this resonance.
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FIG. 11. Characterization of gate performance at large detunings. (a) ζL,LS (blue solid lines) and total power required for a 1 ms two-qubit
cat state time with 1 mm beam waists (green dashed lines) versus detuning for a LS gate with vertical polarization. �ACSS/(2π ) = −5.4 kHz
for all detunings �. (b) ζL,MS (blue solid line) and power required for a 1 ms two-qubit cat state time with 1 mm beam waists (green dashed
line) versus detuning for a MS gate. We assume the high-frequency beam has σ polarization and the lower-frequency beam has π polarization
and bσ = bπ . (c) ζL,MS (blue solid line) and �ACSS/(2π ) in kHz (green dashed line) vs detuning for a MS gate with the same configuration as
in (b).

�ACSS = 0 only when both laser beams are applied to the
ions, which makes optimizing the gate more technically chal-
lenging and increases the sensitivity to power fluctuations that
change the relative intensity of the two beams.

From Fig. 7(b) the point with the highest value of ζL,MS

that is not far detuned from resonance is point 4. This point
addresses the issue with the differential ACSS since it is
nulled with either beam individually, and we would therefore
be insensitive to power fluctuations in either beam, even if
they are not common mode. The value ζL,MS is somewhat
lower than that for point 3, although still comparable to the
value of ζL,LS for point 1. Finally, point 5 is similar to point 2
in that it has a low impact from spontaneous emission and
results in �ACSS = 0 with either beam, but requires higher
laser power than is readily obtained in the laboratory.

For both the LS and MS gates, the linear figure of merit
rapidly increases for large detunings outside the excited P
state manifolds. At low fields, gates have been performed with
detunings of tens of THz [51], but with much more tightly
focused laser beams [52]. However, as discussed above, global
entangling gates on large ion crystals require a much larger
beam waist and therefore higher power to achieve a given
intensity. Thus, the discussion here focuses on the ability to
optimize simultaneously for both coherence and lower laser
power.

We are interested in knowing how large a linear figure of
merit we could achieve with larger detunings and a given
laser power. In Figs. 11(a) and 11(b) we plot the figure of
merit and power required versus detuning for the LS and MS
gates, respectively. For the LS gate, we assume vertical (π )
polarization in both beams, and for the MS gate we assume
the perpendicular polarization configuration (configuration 1)
with equal intensities. We note that for either gate, with a
power of about 250–350 mW total we can attain figure of
merit values of at least 10 000, which will reduce errors
due to spontaneous emission by about an order of magnitude
compared to the current operating point (point 1).

There are two disadvantages to the far-detuned configura-
tion, however. First, the laser power required to achieve an
order of magnitude increase in ζL,LS or ζL,MS is, in general,

more than an order of magnitude higher than that required for
tuning between the Zeeman levels (i.e., points 1 and 4). Even
300 mW, while commercially available, can be a technically
challenging amount of power to maintain at UV wavelengths
(313 nm for 9Be+). We note, though, that elliptical laser
beams with a reduced vertical waist can be utilized for the
setup shown in Figs. 1(b) and 5 and currently employed at
NIST. If the optical dipole force laser beams cross the ion
crystal at a 10◦ angle, the vertical waist of the laser beam
can be reduced by about a factor of 6, resulting in the same
reduction in the required laser power.

A second disadvantage is that the differential AC Stark
shift is not nulled for large detunings, so experiments would
be more sensitive to intensity fluctuations. With pure vertical
(horizontal) polarization, both F0 and �ACSS are proportional
to A(B)↑ − A(B)↓ [see Eqs. (3), (5), and (6)]. Since F0 is fixed
by the desired gate time and geometric phase accumulation,
�ACSS is as well. For the parameters used for the plot in
Fig. 11(a), �ACSS/(2π ) = −5.4 kHz. The differential ACSS
varies with detuning for the MS gate, so we plot �ACSS along
with ζL,MS versus detuning in Fig. 11(c). The absolute value
of �ACSS/(2π ) remains in the range of �8 kHz and decreases
to a nearly constant value of ∼5 kHz as �MS increases.

For the LS gate, we can use a spin-echo sequence to cancel
the impact of the differential ACSS as long as the intensity
in the laser beams remains stable between the two arms of
the spin-echo sequence. An intensity imbalance between the
two arms will produce a rotation about the z axis of the
Bloch sphere. As a very rough upper bound on the required
stability, we estimate the intensity imbalance that will pro-
duce a rotation comparable to the angle defined by projection
noise (

√
N /2) and the length of the composite Bloch vector

(N /2). For N = 100 this corresponds to an angle of 1/
√
N ≈

0.1 rad. For the generation of spin-squeezed states, for ex-
ample, the stability should produce rotations significantly less
than this. With a 1 ms arm time, appropriate for generating
a spin-squeezed state with N = 100 spins and a ∼5 kHz AC
Stark shift, the Bloch vector will undergo a rotation of 10π rad
during a single arm time. To cancel out this rotation to better
than 0.1 rad requires a laser intensity stability between the two
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FIG. 12. Plots of the linear figure of merit for an LS gate with 24Mg+ for magnetic fields of 0.5 T (blue dashed line), 2.5 T (orange dashed
and dotted line), and 4.5 T (solid green line). Vertical polarization is assumed, although the results are similar for horizontal polarization as
well. These plots can be compared with those for 9Be+ in Figs. 9(b) and 9(c). (a) ζL,LS vs � for 24Mg+. The zero field frequency difference
between S1/2 and P1/2 corresponds to a detuning equal to the fine-structure splitting, approximately 2750 GHz. (b) ζL,LS vs � for 24Mg+ with
large values of � compared to the fine-structure splitting. For a given value of �, ζL,LS is approximately 300 times smaller for Mg+ than for
Be+. (Note the difference in the powers of 10 on the y axis.)

arms of the spin-echo sequence of better than 0.1/(10π ) ∼
3 × 10−3. More highly entangled states can require longer
interaction times and be more sensitive to erroneous rotations,
dictating even more stringent intensity stabilities than 10−3,
which can be technically challenging to achieve. An alterna-
tive calculation of this requirement for a LS gate, albeit with
different experimental parameters, estimates a required inten-
sity stability of 10−4 and states this is potentially feasible on
the timescale of a typical spin-echo sequence [53,54]. We note
that due to the spatial extent of the ion crystal the AC Stark
shift could be inhomogeneous across the crystal. For a 200
ion crystal, which has a radius of order 0.1 mm, magnetic field
inhomogeneities will be very small (<10−8 T). Therefore, we
expect the dominant spatial inhomogeneity in the AC Stark
shift will be due to variation in the laser intensity across the
crystal.

VII. FINE-STRUCTURE DEPENDENCE
OF THE FIGURES OF MERIT

To illustrate the generality of the calculations presented in
this paper and how the details change with atomic properties,
we calculate here the equivalent figures of merit for LS and
MS gates performed in 24Mg+, the second lightest alkaline
earth element after 9Be+ and another ion frequently employed
in trapped-ion quantum processing. The only significant dif-
ferences in the atomic structure between 24Mg+ and 9Be+
at a high magnetic field are the much larger fine-structure
splitting ωFS between the P1/2 and P3/2 levels—2745 GHz and
197 GHz, respectively—and the larger decay rate γ from the
excited states—2π × 41 MHz vs 2π × 17 MHz, respectively.
Naively, one might expect a decrease in the figure of merit
by a factor of the ratio of the decay rates, which is roughly
2.5. However, the results actually depend on the fine-structure
splitting as well.

The results for the LS gate in 24Mg+ are shown in Fig. 12
and can be compared with the results for 9Be+ in Fig. 9. In
Fig. 12(a) the sharp decreases in the figure of merit near 0 GHz
and −2750 GHz correspond to tuning within the P3/2 Zeeman

levels and tuning between the P1/2 Zeeman levels respectively.
In these regions, ζL,LS is suppressed relative to the value for
Be+, but only by a factor comparable to the ratio of the decay
rates. We also see that Mg+ allows for operating between the
P1/2 and P3/2 manifolds with large detunings, although the
values of the figure of merit are not significantly larger than
that for the current NIST operating point. On the other hand, a
comparison of the plot in Fig. 12(b) with Fig. 9(c) shows that,
for large detunings �, ζL,LS is decreased by a factor of about
300 for Mg+ relative to the corresponding value for Be+ for
large detunings. The strong dependence on the fine-structure
splitting ωFS is in agreement with the analytical treatment of
Appendix C, where for large detunings � it is shown that

ζL,LS ∼
(

�z

ωFS

)(
�2

γωFS

)
. (34)

The 1/ω2
FS scaling results from the decoherence due to Raman

scattering.
The MS gate suffers less from the increase in fine-structure

splitting, as demonstrated by a comparison of Fig. 13 with
Fig. 10. An interesting feature of the MS linear figure of merit
is the very high value one would obtain with a virtual level
approximately halfway between the P1/2 and P3/2 manifolds in
ions with larger fine-structure splittings than 9Be+. For large
detunings outside of the excited state manifolds, however,
ζL,MS is suppressed by a factor of approximately 30 for Mg+
compared to Be+. This result is consistent with the results
from Appendix C that show

ζL,MS ∼ �2
MS

γωFS
. (35)

The scaling of the decoherence with the fine-structure splitting
is the same as for the LS gate (∝ω2

FS), but �R scales linearly
with the fine-structure splitting as well, which results in an
overall dependence of the figure of merit that is inversely
proportional to the fine-structure splitting.

Comparing Eqs. (34) and (35), we see that the relative
performance of the LS and MS gates ζL,LS/ζL,MS scales
as �z/ωFS (treating the detunings for the two gates as
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FIG. 13. Plots of the linear figure of merit for an MS gate with 24Mg+ for magnetic fields of 0.5 T (blue dashed line), 2.5 T (orange dashed
and dotted line), and 4.5 T (solid green line). These results are for configuration 1 (see Table I) and can be compared with the plots for 9Be+ in
Fig. 10. (a) ζL,MS vs �MS for 24Mg+. (b) ζL,MS vs �MS for large detunings. For a given detuning far from any resonance, ζL,MS is approximately
30 times lower for Mg+ than for Be+.

equivalent). Thus, for lower magnetic fields and larger fine-
structure splittings, the MS gate will be preferable. The strong
dependence on the fine structure for the LS gate is reduced
when �z � ωFS. For any ion heavier than 9Be+, however,
this condition requires magnetic fields at least an order of
magnitude larger than the 4.5 T field currently employed at
NIST. Because such magnets do not exist, the use of an LS
gate in an ion with a larger fine-structure splitting requires
increasing the angle between the beams so that the strengths
of transitions driven by σ− polarized light can differ from
the strengths of transitions driven by σ+ polarized light. This
would enable a different force on the two-qubit states that
arises not only from differences in detuning but also in the
coupling to different excited states.

Additional modifications for the rates of decoherence due
to Raman scattering would be necessary to extend this analy-
sis to account for low-lying D manifolds in heavier ions, but
will rely on the same principles discussed in this paper. This
analysis shows, however, not only that the methods demon-
strated in this paper can be extended to other ions, but also that
for the configurations described here, ions with smaller fine-
structure splittings are preferable, especially for the LS gate.

VIII. CONCLUSION

We have presented a thorough exploration of the interac-
tion strengths and spontaneous emission errors obtained with
different laser detunings and polarizations for multiqubit gates
at high magnetic fields. We focused on laser beam configura-
tions illustrated in Figs. 1 and 5 where the optical dipole force
laser beams have waists that are large compared to the size
of the ion crystal and are directed nearly perpendicular to the
magnetic field axis. This geometry is suitable for interacting
with large, rotating ion crystals where it is necessary to align
the difference wave vector ∂�k of the laser beams parallel
to the magnetic field and rotation axis of the crystal. The
calculations are especially relevant for Penning traps, where,
due to the high magnetic fields, the Zeeman splittings can

be comparable to the fine structure, and where the large ion
crystals result in tight constraints on laser power.

We also discussed the trade-offs between tuning the optical
dipole force laser beams between the Zeeman levels, enabling
nulling of the AC Stark shift and operation at lower laser
powers, versus tuning outside the Zeeman levels where the
impact of off-resonant light scattering can be mitigated at
the expense of larger required laser power. While the exact
detunings and polarizations of the operating points discussed
here are specific to 9Be+ and will vary depending on the
magnetic field and atomic properties, the methodology used
to obtain optimal operating points and compare them remains
generally valid for any spin-zero nucleus or nonzero spin
nucleus that can be optically pumped to a single nuclear spin
level such as 9Be+.

Furthermore, we have concluded that the Mølmer-
Sørensen gate can be performed in a Penning trap with
similar performance with regard to spontaneous emission as
the light-shift gate, expanding the types of simulations and
measurements that can be performed in Penning traps. We
have also shown, for laser beam configurations where the
beams are directed approximately perpendicular to the mag-
netic field (see Figs. 1 and 5), that the Mølmer-Sørensen gate
is preferable to the light-shift gate when Zeeman splittings are
small compared to the fine-structure splitting (�z/ωFS � 1).
Finally, we have shown that errors due to off-resonant scat-
tering in the LS gate currently employed at NIST (operating
point 1 in Table II) are larger than in state-of-the-art two-qubit
gates performed at low magnetic field, but that there are a
number of promising operating points that can reduce these
errors by an order of magnitude.
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APPENDIX A: CALCULATION OF THE EXCITED STATE
ZEEMAN SPLITTINGS AND MATRIX ELEMENTS

AT HIGH FIELDS

See Ref. [55], Secs. 45– 47 for a more detailed treat-
ment of the Zeeman effect for 2P levels. For 9Be+ and the
4.5 T magnetic field, the fine-structure splitting between the
2P1/2 and 2P3/2 levels is a similar order of magnitude to
the Zeeman splitting. As a result, we cannot treat either the
magnetic field Hamiltonian or the fine-structure Hamiltonian
as a perturbation and must diagonalize the full Hamiltonian.
For the numerical calculations presented in this paper, we
find the energy levels using the full diagonalization of the
Hamiltonian, but in calculating matrix elements [for example,
Eqs. (4) and (9)] relevant for AC Stark shifts and off-resonant
light scattering we do not account for the small admixture of
the | 2P1/2, mJ = +1/2〉 and | 2P3/2, mJ = +1/2〉 levels or the
| 2P1/2, mJ = −1/2〉 and |2P3/2, mJ = −1/2〉 levels. In other
words, we assume that J is still a good quantum number,
although this becomes progressively less accurate as we in-
crease the magnetic field strength. For a field of 4.46 T, we
numerically estimate that the errors from this approximation
are limited to �10%. If significantly higher fields were to be
considered using the methodology employed in this paper,
however, it would be necessary to account for this effect.
Because of this approximation and because most experiments
with trapped ions operate at fields that are �4.5 T, we choose
to set this magnetic field as the maximum we consider.

APPENDIX B: CALCULATION OF THE
DECOHERENCE RATES

Here we calculate the appropriate single-spin decoherence
rate to use for the LS and MS interactions. For both the LS
and MS gates, we use the Lindblad master equation,

d ρ̂

dt
= − i

h̄
[Ĥ1, ρ̂] +

∑
j

L[Ô j]ρ̂, (B1)

to find the time evolution of the density matrix of a single-
ion qubit. In this equation, Ĥ1 is an effective single-ion qubit
Hamiltonian with either the LS or MS gate interaction, Ôk are
the jump operators that encapsulate the decoherence due to
spontaneous emission, and L[Ô j]ρ̂ is given by

L[Ô j]ρ̂ = Ô j ρ̂Ô†
j − 1

2 (Ô†
j Ô j ρ̂ + ρ̂Ô†

j Ô j ). (B2)

Equation (1) described the interaction between the ions
engineered by the LS or MS laser beams. To consider
the effect on a single ion within a multi-ion crystal, we use
the mean-field approximation for both the LS and MS gates.
The single-particle Hamiltonian for ion i can then be written
as [35]

Ĥ1 = h̄B̄iσ̂
α
i , (B3)

where

B̄i = 1

N

N−1∑
j �=i

Ji j
〈
σ̂ α

j

〉
, (B4)

and α indicates z or x for the LS or MS gates, respectively.
For simplicity, we will drop the subscript i for the remainder
of the Appendix.

Next, we consider the jump operators Ôk . For the LS gate,
these are given by [56]

Ô↑↓ = √�↑↓σ̂−,

Ô↓↑ = √�↓↑σ̂+,

Ôel =
√

�el

4
σ̂ z. (B5)

We note that there is a factor of
√

2 discrepancy in these
definitions from those in Ref. [56], which arises from writing
the master equation slightly differently. The rates �↑↓, �↓,↑,
and �el here are the two-beam rates given in Eqs. (12) and
(14).

We next combine Eqs. (B1), (B3), and (B5) to find a dif-
ferential equation for the density matrix of a single ion with
the LS gate applied. We define the elements of the density
matrix as

ρ̂ =
(

ρuu ρud

ρdu ρdd

)
. (B6)

The time evolution is then

d ρ̂

dt
=
(

−�↑↓ρuu + �↓↑ρdd
[−2iB̄ − 1

2 (�r + �el )
]
ρud[

2iB̄ − 1
2 (�r + �el )

]
ρdu �↑↓ρuu − �↓↑ρdd

)
.

(B7)

The form of this equation is similar to Eq. (8) in Ref. [39],
but in the derivation we have included the coherent interaction
resulting in the iB̄ terms in the off-diagonal matrix elements.
The coherent interaction produces simple spin precession
about the z axis, and we are interested in the rate at which
the spin precession decays. The solutions for the off-diagonal
density matrix elements are

ρud (t ) = ρud (0)e−2iB̄t e− 1
2 (�r+�el )t ,

ρdu(t ) = ρdu(0)e2iB̄t e− 1
2 (�r+�el )t . (B8)

It is clear, then, that for the LS gate, the appropriate deco-
herence rate to use is � = 1

2 (�r + �el ) as in Eq. (15). The
coherent interaction thus does not modify the decoherence
rate given in Ref. [39].

For the MS gate, the jump operators have the same form,
assuming the red and blue sidebands are detuned by a nonzero
amount from resonance. We now define �↑↓, �↓↑, and �el to
be the sum of the rates calculated for the carrier and sideband
laser beams. The coherent σ̂ x term in the master equation for
the MS gate results in spin precession about the x axis. It
generates coupling between different elements of the density
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matrix. The full differential equation is

d ρ̂

dt
=
(−iB̄(ρdu − ρud ) − �↑↓ρuu + �↓↑ρdd −iB̄(ρdd − ρuu) − 1

2 (�r + �el )ρud

iB̄(ρdd − ρuu) − 1
2 (�r + �el )ρdu iB̄(ρdu − ρud ) − �↓↑ρdd + �↑↓ρuu

)
. (B9)

It is no longer clear from the differential equations alone what the qualitative time dependence of each density matrix element
is given the coupling between the elements. This system of equations, along with the condition Tr[ρ̂] = 1, can be solved
analytically, however. The resulting equations for the time evolution are

ρuu(t ) = 1

4B̄

{
[C2r − C3(�el − �r )] cos

(
1

4
rt

)
+ [C2(�el − �r ) + C3r] sin

(
1

4
rt

)}
e− 1

4 (�el +3�r )t + κ1, (B10)

ρud (t ) = C1e− 1
2 (�el +�r )t − 2i

[
C3 cos

(
1

4
rt

)
− C2 sin

(
1

4
rt

)]
e− 1

4 (�el +3�r )t + κ2, (B11)

ρdu(t ) = C1e− 1
2 (�el +�r )t + 2i

[
C3 cos

(
1

4
rt

)
− C2 sin

(
1

4
rt

)]
e− 1

4 (�el +3�r )t + κ3, (B12)

where C1, C2, and C3 are real constants that describe the
initial state of the ion, r =

√
64B̄2 − (�el − �r )2 is a modified

effective two-photon Rabi frequency, and κ1, κ2, and κ3 are
constants describing the state of the ion as t → ∞. The form
of these constants does not impact the results in this paper, so
we do not include the full expressions. The important feature
of these equations is that all oscillatory terms, which describe
spin precession, decay with the rate �MS = 1

4 (�el + 3�r ) we
used in Sec. III B. We have demonstrated here that the in-
clusion of a coherent interaction can modify the effective
decoherence rate due to spontaneous emission, which was not
discussed in Ref. [39].

We note also that for the case where one is interested
in performing resonant stimulated Raman σ̂ x rotations on
the qubit (as opposed to driving a full MS interaction), the
jump operators are significantly different due to interference
between Raman and Rayleigh scattering. While these jump
operators will affect other elements of the dynamics of the
qubit state, they do not change the rates of decay. We expect
that more detail on these effects will be discussed in a future
publication.

APPENDIX C: MAGNETIC FIELD AND FINE-STRUCTURE
DEPENDENCE OF THE LINEAR FIGURES OF MERIT

We showed with our comparisons of the gates at varying
magnetic fields in both 9Be+ and 24Mg+ that the LS and
MS gates both depend directly on the fine-structure split-
ting, although the LS gate has a much stronger dependence.
The LS gate also strongly depends on the magnetic field. In
this Appendix, we consider the configurations we used for
Figs. 9(c), 12(b), 10(b), and 13(b) with large � or �MS and
show analytically how both figures of merit depend on the
detuning, the magnetic field, and the fine-structure splitting.
These results agree qualitatively with the trends observed in
the figures listed above.

For these calculations, we define a frequency splitting pro-
portional to the magnetic field �z = 1

2�↑↓ = μB

h̄ B. For all of
these calculations, we will neglect the small hyperfine split-
tings and nonlinearities in the splittings between energy levels
in the P manifolds (discussed in Appendix A).

1. Light-shift gate

We assume vertically polarized light for both beams and
consider detunings � much larger than �z. Ultimately, we
will also consider the limit where ωFS � �, but to begin, we
leave the relative size of the fine-structure splitting undeter-
mined.

First, we consider the spin-dependent force. For vertical
polarization,

F0/(h̄∂k) ∝ �ACSS. (C1)

Explicitly,

F0/(h̄∂k) ∝ g2
0

3

[(
1

� + ωFS + 2
3�z

+ 2

� + 1
3�z

)

−
(

1

� + ωFS − 2
3�z

+ 2

� − 1
3�z

)]
, (C2)

where the first and second terms are the ACSS on |↑〉 while the
third and fourth are the ACSS on |↓〉. The first and third terms
result from coupling to the P1/2 manifold, and the second and
fourth terms result from coupling to the P3/2 manifold. We
factor out 1

�
and expand to first order in �z

�
. The resulting

approximate spin-dependent force is

F0/(h̄∂k) ≈ 4g2
0

9

�z

�2

[
1 +

(
�

� + ωFS

)2
]
. (C3)

Next, for decoherence due to Raman scattering, we have
[see Eqs. (7) and (8)],

�↑↓,1 = 2g2
0γ

9�

(
1

� + 1
3�z

− 1

� + ωFS + 2
3�z

)2

≈ 2g2
0γ

9�2

[(
ωFS

� + ωFS

)2

− 2

3

�z

�

(
ωFS

� + ωFS

)

×
(

�2 − 2ωFS� − ω2
FS

(� + ωFS)2

)]
, (C4)

�↓↑,1 = 2g2
0γ

9�

(
1

� − 1
3�z

− 1

� + ωFS − 2
3�z

)2
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≈ 2g2
0γ

9�2

[(
ωFS

� + ωFS

)2

+ 2

3

�z

�

(
ωFS

� + ωFS

)

×
(

�2 − 2�ωFS − ω2
FS

(� + ωFS)2

)]
, (C5)

⇒ �r,1 ≈ 4g2
0γ

9�2

(
ωFS

� + ωFS

)2

. (C6)

We also explicitly write out the expression for elastic scatter-
ing in terms of �z and ωFS [Eq. (10)],

�el,1 = g2
0γ

9�

[
1

� + ωFS − 2
3�z

− 1

� + ωFS + 2
3�z

+2

(
1

� − 1
3�z

− 1

� + 1
3�z

)]2

≈ 16g2
0γ

81�2

(
�z

�

)2(2�2 + 2ωFS� + ω2
FS

(� + ωFS)2

)2

. (C7)

Since the leading-order term in �el,1 is O((�z/�)2), when
we calculate the overall decoherence rate � = �r,1 + �el,1,
only �r,1 will contribute significantly, and we find

� ≈ 4g2
0γ

9�2

(
ωFS

� + ωFS

)2

. (C8)

Combining Eqs. (C3) and (C8), we find

ζL,LS ∝ F0/(h̄∂k)

�
≈ �z

γ

(
2�2 + 2�ωFS + ω2

FS

ω2
FS

)
. (C9)

Considering detunings � � ωFS, which is experimentally
reasonable for the smaller fine-structure splittings of 9Be+ and
24Mg+, the LS gate figure of merit simplifies to

ζL,LS ∼
(

�z

ωFS

)(
�2

γωFS

)
. (C10)

Therefore we see that ζL,LS is proportional to the magnetic
field and the detuning squared and inversely proportional to
the excited state decay rate and the fine-structure splitting
squared. This result agrees with Figs. 9(c) and 12(b).

2. Mølmer-Sørensen gate

We assume perpendicularly polarized beams of equal
intensities, with the higher frequency beam having σ polariza-
tion and the lower frequency beam having π polarization (see
configuration 1 in Table I). We will use an approach similar to
the above for the LS gate. It is convenient to define the ratios
ω′

FS ≡ ωFS/�MS and �′
z ≡ �z/�MS.

For this configuration, the two-photon Raman Rabi fre-
quency [Eq. (28)] is

�R = g2
0

3�MS

(
1

1 − 5
3�′

z

− 1

1 + ω′
FS − 4

3�′
z

)
. (C11)

Expanding to first order in �′
z yields

�R ≈ g2
0

3�MS

[
ω′

FS

1 + ω′
FS

+ 1

3
�′

z

(
1 + 10ω′

FS + 5ω′2
FS

(1 + ω′
FS)2

)]
.

(C12)
We also find the expansions for decoherence due to Raman
scattering,

�↓↑ = g2
0γ

9�2
MS

⎡
⎣2

(
1

1 − 5
3�′

z

− 1

1 + ω′
FS − 4

3�′
z

)2

+
(

1

1 − 7
3�′

z

− 1

1 + ω′
FS − 8

3�′
z

)2
⎤
⎦

≈ g2
0γ

9�2
MS

[
3

(
ω′

FS

1 + ω′
FS

)2

+ 2

3

(
ω′

FS

1 + ω′
FS

)
�′

z

(
1 + 34ω′

FS + 17ω′2
FS

(1 + ω′
FS)2

)]
, (C13)

�↑↓ = g2
0γ

9�2
MS

⎡
⎣( 1

1 − 5
3�′

z

− 1

1 + ω′
FS − 4

3�′
z

)2

+ 2

(
1

1 + 5
3�′

z

− 1

1 + ω′
FS + 4

3�′
z

)2
⎤
⎦

≈ g2
0γ

9�2
MS

[
3

(
ω′

FS

1 + ω′
FS

)2

− 2

3

(
ω′

FS

1 + ω′
FS

)
�′

z

(
1 + 10ω′

FS + 5ω′2
FS(

1 + ω′
FS

)2
)]

, (C14)

⇒ �r ≈ 2g2
0γ

9�2
MS

(
ω′

FS

1 + ω′
FS

)2[
3 + 4�′

z

(
2 + ω′

FS

1 + ω′
FS

)]
. (C15)

The expression for �el in terms of ω′
FS and �′

z is

�el = g2
0γ

9�2
MS

{
1

2

[
1

3

(
1

1 − 5
3�′

z

+ 2

1 + ω′
FS − 4

3�′
z

)
− 1

1 − �′
z

]2

+ 1

2

[
1

1 + �′
z

− 1

3

(
2

1 + ω′
FS + 4

3�′
z

+ 1

1 + 5
3�′

z

)]2

+ 1

9

[
1

1 + ω′
FS − 8

3�′
z

+ 2

1 − 7
3�′

z

−
(

1

1 + ω′
FS − 4

3�′
z

+ 2

1 − 5
3�′

z

)]2}
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≈ 4g2
0γ

81�2
MS

(
ω′

FS

1 + ω′
FS

)2

. (C16)

Combining �r [Eq. (C15)] and this result for �el we calculate the total decoherence rate

� = 1

4
(�el + 3�r ) ≈ g2

0γ

18�2
MS

(
ω′

FS

1 + ω′
FS

)2[83

9
+ 12�′

z

(
2 + ω′

FS

1 + ω′
FS

)]
. (C17)

Finally, we calculate the figure of merit by dividing the approximate expression for �R [Eq. (C11)] by this result for the total
decoherence rate and again expanding to first order in �′

z. The result, now in terms of ωFS and �z rather than ω′
FS and �′

z, is

ζL,MS ≈ 54�MS

83γ

(
�MS + ωFS

ωFS

)2
[

ωFS

�MS + ωFS
+ 1

249

�z�MS

(�MS + ωFS)2

(
83 + 182

ωFS

�MS
+ 91

(
ωFS

�MS

)2
)]

. (C18)

This expression can better be understood when we impose
the constraint ωFS � �MS, which is attainable for 9Be+ and
24Mg+ and becomes harder to achieve for heavier ions. It is
also helpful to note that in general ωFS will be significantly
larger than �z, even for 9Be+ (ωFS/�z ∼ 3). With these as-
sumptions, ζL,MS simplifies to

ζL,MS ∼ �2
MS

γωFS
. (C19)

We note that, unlike for the LS gate configuration we have
considered, the linear figure of merit decreases linearly only
with the fine-structure splitting, making it a better choice in
this configuration for heavier ions. This result agrees well with
the numerical results shown in Figs. 10(b) and 13(b).

We can also consider the case where ωFS ∼ �MS, which
would be a more likely operating configuration for heavier
ions. For this case, it is straightforward to show that the
approximate figure of merit is linear in either ωFS or �MS

(since they are constrained to be similar) and independent of
the magnetic field.

APPENDIX D: EXACT EXPRESSIONS FOR THE FIDELITY
OF A TWO-QUBIT ENTANGLING GATE WITH

DECOHERENCE

Here we provide exact expressions for the two-qubit entan-
gling gate fidelity in the presence of decoherence, for both the
light-shift and Mølmer-Sørenson implementations.

1. Light-shift gate

For the light-shift gate, we compute the fidelity between the
ideal time-evolved state in Eq. (31) and state evolved under the
light-shift gate, with time evolution described by the master
equation

d ρ̂

dt
= − i

2

[
Jσ̂ z

1 σ̂ z
2 , ρ̂
]+

∑
j

L[Ô j]ρ̂, (D1)

where J = J12 is the coupling strength between the two ions,
and L[Ô j]ρ̂ is given by Eq. (B2). We consider jump operators

Ô↑↓,1 = √�↑↓σ̂−
1 , Ô↑↓,2 = √�↑↓σ̂−

2 ,

Ô↓↑,1 = √�↓↑σ̂+
1 , Ô↓↑,2 = √�↓↑σ̂+

2 ,

Ôel,1 =
√

�el

4
σ̂ z

1 , Ôel,2 =
√

�el

4
σ̂ z

2 . (D2)

Now, the ideally evolved density matrix, ρ̂0(t ) =
|ψ0(t )〉 〈ψ0(t )|, can be expressed as

ρ̂0(t ) = 1
4

[
1 + σ̂ x

1 σ̂ x
2 + sin(Jt )

(
σ̂

y
1 σ̂ z

2 + σ̂ z
1 σ̂

y
2

)
+ cos(Jt )

(
σ̂ x

1 + σ̂ x
2

)]
. (D3)

Since this state remains pure during the evolution, then the
fidelity of the state ρ̂(t ) evolved under the light-shift Hamil-
tonian can be written as

FLS (t ) ≡
(

Tr
√√

ρ̂(t)ρ̂0(t)
√

ρ̂(t)

)2

(D4)

= Tr[ρ̂0(t)ρ̂(t)] (D5)

= 1

4

[
1 + 〈σ̂ x

1 (t )σ̂ x
2 (t )

〉
+ sin(Jt )

( 〈
σ̂ z

1 (t )σ̂ y
2 (t )
〉+ 〈σ̂ y

1 (t )σ̂ z
2 (t )
〉 )

+ cos(Jt )
( 〈

σ̂ x
1 (t )

〉+ 〈σ̂ x
2 (t )

〉 )]
, (D6)

where expectation values are taken with respect to ρ̂(t ), using
the fact that Tr[σ̂ α

i σ̂
β

j ] = δijδ
αβ .

To solve the master equation for the required set of corre-
lators, we have the system of equations

d

dt

( 〈σ̂+
1 〉〈

σ̂+
1 σ̂ z

2

〉) =
( −� iJ

iJ − 2�− −(2�+ + �)

)( 〈σ̂+
1 〉〈

σ̂+
1 σ̂ z

2

〉),

(D7)

where we have defined �± = (�↑↓ ± �↓↑)/2 and � = �+ +
�el/2 for convenience.

For our initial state, this leads to

〈
σ̂+

1 (t )
〉 = e−(�+�+ )t

2
[cos(t J̃ ) + �+t sinc(tJ̃)], (D8)〈

σ̂+
1 (t )σ̂ z

2 (t )
〉 = e−(�+�+ )t (iJ/2 − �−)t sinc(tJ̃), (D9)

for complex frequency J̃ =
√

J2 + 2iJ�− − �2
+. We note that

the Raman scattering term leads to a shift in the effective
oscillation rate of these observables. In addition, we find that
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〈σ̂ x
1 σ̂ x

2 〉 (t ) = e−2�t 〈σ̂ x
1 σ̂ x

2 〉 (0), so we have the result

FLS (t ) = 1

4
(1 + e−2�t ) + e−(�+�+ )t

2
[cos(Jt )Re{cos(J̃t) + �+t sinc(J̃t)} + 2 sin(Jt)Im{(iJ/2 − �−)t sinc(J̃t)}]. (D10)

To better elucidate the temporal dependence in this expression, we rewrite this as

FLS (t ) = e−(�+�++|J̃| sin φ)t

8|J̃| [(|J̃| − a+) cos(J̃+t ) + (|J̃| − a−) cos(J̃−t ) + b+ sin(J̃+t ) + b− sin(J̃−t )]

+ e−(�+�+−|J̃| sin φ)t

8|J̃| [(|J̃| + a−) cos(J̃+t ) + (|J̃| + a+) cos(J̃−t ) + b− sin(J̃+t ) + b+ sin(J̃−t )] + 1

4
(1 + e−2�t ),

(D11)

where φ = arg(J̃). We have also introduced the real frequencies J̃± = |J̃| cos φ ± J , and defined time-independent coefficients

a± = γ± sin φ ± J cos φ, (D12)

b± = γ± cos φ ∓ J sin φ (D13)

with γ± = �+ ± 2�−. In the case where �↑↓ = �↓↑, then J̃ = J
√

1 − (�+/J )2 and φ = 0, so the fidelity takes the simpler form

FLS (t ) = 1

4

{
1 + e−2�t + e−(�+�+ )t

J̃
[J̃− cos(J̃+t ) + J̃+ cos(J̃−t ) + �+ sin(J̃+t ) + �+ sin(J̃−t )]

}
. (D14)

In both the case of equal or nonequal absorption and that of decay, we observe that FLS (t ) possesses a contribution decaying
with rate 2�, as well as an oscillatory term with decay envelope described by decay rate � + �+. In the small error rate limit,
expanding Eq. (D11) yields the linear decay rate of the fidelity �fid

LS = �+ + �el/2. This expression matches the denominator
used in the linear and quadratic figures of merit for the LS gate. At the Bell state time τg = π/2J , expanding Eq. (D11) yields

FLS (τg) ≈ 1 − τg

2
(3�+ + �el ). (D15)

2. Mølmer-Sørenson gate

We now consider the case of the Mølmer-Sørenson gate. In this case, the ideal time-evolved state may be written as

ρ̂0(t ) = 1
4

[
1 + σ̂ z

1 σ̂ z
2 + sin(Jt )

(
σ̂ x

1 σ̂
y
2 + σ̂

y
1 σ̂ x

2

)− cos(Jt )
(
σ̂ z

1 + σ̂ z
2

)]
, (D16)

so the fidelity is given by

FMS(t ) = 1
4

[
1 + 〈σ̂ z

1 (t )σ̂ z
2 (t )
〉+ 2i sin(Jt )(〈σ̂+

1 (t )σ̂+
2 (t )〉 − 〈σ̂−

1 (t )σ̂−
2 (t )〉) + cos(Jt )

( 〈
σ̂ z

1 (t )
〉+ 〈σ̂ z

2 (t )
〉 )]

. (D17)

We emphasize that we are considering an initial state polarized along −z. One could alternatively consider a state polarized
along ±y, for which the decoherence would have a different effect on the state evolution, but we do not treat this case here.

To solve for the required set of correlators, we have the following set of equations of motion:

d

dt

⎛
⎝

〈
σ̂ z

1 + σ̂ z
2

〉〈
σ̂ x

1 σ̂
y
2

〉+ 〈σ̂ y
1 σ̂ x

2

〉〈
σ̂ z

1 σ̂ z
2

〉
⎞
⎠ =

⎛
⎝−2�+ J 0

−J −2� 0
−2�− 0 −4�+

⎞
⎠
⎛
⎝

〈
σ̂ z

1 + σ̂ z
2

〉〈
σ̂ x

1 σ̂
y
2

〉+ 〈σ̂ y
1 σ̂ x

2

〉〈
σ̂ z

1 σ̂ z
2

〉
⎞
⎠−

⎛
⎝4�−

0
0

⎞
⎠. (D18)

Diagonalization of this linear system and judicious rearrangement and substitution of the resulting expressions leads to the
following general result:

FMS(t ) = 1

4

[
1 + �2

−�+
�+η+

]
+ e−4�+t

4

[
1 − �−(2�+ − �−)�−

�+η−

]
+ �−

2η+
[�+ cos(Jt ) + J sin(Jt )]

− e−(�+�+ )t

8
[A+ cos(J+t ) − A− cos(J−t ) + B+ sin(J+t ) − B− sin(J−t )] − �−e−(�+�+ )t

4J ′ [C cos(J ′t ) + D sin(J ′t )],

(D19)

where we have grouped terms by their time dependence. We have defined the effective coupling J ′ = J
√

1 − [�el/(2J )]2 and
introduced the frequency sum/differences J± = J ± J ′. We have also introduced the parameters η± = J2/2 + 2�2

+ ± �+�el and
�± = 2�+ ± �el for compactness of notation. We also have the time-independent, dimensionless coefficients

A± = 1

η+J ′ [J∓(2η+ − 2�−�+ − �−�+) ± �−�el J
′], (D20)
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FIG. 14. Comparison of the two-qubit gate fidelity for the light-
shift gate (left) and Mølmer-Sørenson gate (right). (a, b) Sample
dynamics for �+ = 0.05J (red), 0.25J (green), with solid and dotted
lines corresponding to the case of �− = 0 and �− = �+, respec-
tively (�el = 0). Dashed lines correspond to �el = 0.05J (red), 0.25J
(green), with �+ = 0. Vertical lines denote Bell-state time tJ = π/2.
(c, d) Fidelity at the Bell-state time for a range of �el and various
values of �+, with solid and dotted lines corresponding to �− = 0
and �− = �+, respectively. (e, f) Fidelity at the Bell-state time for a
range of �+ and �↓↑/�↑↓, with �el = 0.

B± = 1

η+J ′ [−2�−JJ∓ − �elη+ + �el�−�+], (D21)

C = J ′

η+η−

[
2�↓↑

(
�2

el − 4�2
+ − J2

)+ J2�el
]
, (D22)

D = 1

2η+η−

[
2�↓↑�el

(
�2

el − 4�2
+ − 3J2

)
+ J2

(
�2

el − 8�2
+ − 2J2

)]
. (D23)

In the case that �↑↓ = �↓↑, so that �− = 0, this expression
simplifies to

FMS(t ) = 1

4
[1 + e−4�+t ] + e−(�+�+ )t

4J ′ {2J ′ cos(J−t )

+ sin(J ′t )[J− sin(Jt ) + �el cos(Jt )]}. (D24)

In the small error rate limit, the linear decay rate of
Eq. (D19) is given by �fid

MS = 2(�+ − �−) = 2�↓↑. While
this gate is more susceptible to the presence of Raman de-
coherence compared to the light-shift gate, and is also far
more dependent on the relative imbalance of absorption and
decay processes, it is also significantly more robust to the
presence of elastic Rayleigh scattering. At the Bell state time
τg = π/2J , expanding Eq. (D19) yields

FMS(τg) ≈ 1 − τg[2�+ + �el/4 − (4/π )�−]. (D25)

3. Gate fidelity comparison

We briefly compare the expressions Eq. (D11) and
Eq. (D19) for a range of parameters in Figs. 14(a) and 14(b),
showing sample dynamics of the fidelity for various values of
�↑↓, �↓↑, and �el . We observe the short-time behavior follows
from the expected short-time expansions of the fidelity expres-
sions, with the light-shift gate demonstrating a larger initial
decay in the presence of Raman scattering versus Rayleigh
scattering, and the Mølmer-Sørenson gate displaying an initial
linear decay of the fidelity only when �↓↑ �= 0. In Figs. 14(c)
and 14(d), we compare the gate performance for a range of
�el , for select values of �+ and �−, plotting the fidelity at
the Bell state time tJ = π/2. We find the light-shift gate
fidelity to be comparatively more susceptible to the presence
of elastic scattering than the Mølmer-Sørenson gate, while
also performing marginally better in the presence of inelastic
scattering when �− = 0. However, we also observe that the
fidelity of the Mølmer-Sørenson gate is drastically improved
when �− = �+, corresponding to the case of �↓↑ = 0. We
also observe this trend in a systematic comparison of the fi-
delity at the Bell-state time for a range of �↓↑/�↑↓ [Figs. 14(e)
and 14(f)], where the light-shift gate fidelity appears relatively
insensitive to the imbalance of absorption/decay processes,
while the performance of the Mølmer-Sørenson gate can be
drastically altered by the value of this quantity.
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