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Abstract—Frequency-resolved optical gating (FROG) is used
to investigate nonlinear pulse propagation in normally disper-
sive media. We present high-dynamic-range measurements of
broad-bandwidth femtosecond pulses that result from nonlinear
propagation in fused silica and compare these measurements with
a (3 + 1)-dimensional modified nonlinear Schrödinger equation.
We also demonstrate the ability of FROG to provide information
about a noninstantaneous nonlinearity in methanol. In this case,
the instantaneous nonlinear index and the time response of the
noninstantaneous nonlinearity are used as fit parameters in a
(1 + 1)-dimensional model.

Index Terms—Nonlinear optics, optical propagation in nonlin-
ear media, optical pulse measurements, ultrafast optics.

I. INTRODUCTION

A CLEAR picture of the propagation of femtosecond laser
pulses is of fundamental importance to many scientific

and technological applications. A few examples include prop-
agation in waveguides [1], [2], femtosecond lasers [3]–[6],
biological systems, and the atmosphere [7]–[10]. Although
some applications rely primarily on the delta-function qualities
of a femtosecond pulse (e.g., time-resolved gating, trans-
mission of binary data), at a more fundamental level pulse
propagation encompasses much more than the simple transport
of energy. It is a basic fact of the Maxwell equations that the
manner in which a field propagates is fundamentally tied (via
the polarization) to the properties of the medium in which it
travels. From the standpoint of femtosecond diagnostics, this
implies that if one can accurately characterize the electric field
after propagation through a medium of interest, then valuable
information about the medium and the propagation process
may be obtained. Indeed, the underlying goal of this paper is
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to demonstrate that this can be accomplished with the use of
frequency-resolved optical gating (FROG).

Many femtosecond propagation issues are related to the
broad bandwidth of the field and the linear dispersion of
the material/system through which the pulse travels. This
problem has been dealt with in detail, and the careful man-
agement of linear dispersion has led to the generation and
amplification of the shortest optical pulses [11]–[14]. More
typical, however, is the situation in which both linear and
nonlinear effects are present. Within the framework of the
nonlinear Schr̈odinger equation, this has been a topic of study
for many years [15]–[17]. Nonetheless, propagation details
of femtosecond pulses at the highest powers have remained
elusive. As peak powers increase to several times the critical
power for self-focusing, combined linear and nonlinear effects
result in complicated spatio-temporal reshaping of the pulse.
The propagation dynamics are no longer described by the
standard nonlinear Schrödinger equation and higher order
effects must be considered [18]–[26]. At the highest powers,
yet before material breakdown occurs, one observes extreme
broadening of the pulse spectrum—or continuum generation
[27]–[31]. As this high-power regime becomes more widely
used in frequency conversion [32], spectral broadening [13],
[33], [34], and parametric amplification [35], [36], a complete
understanding of the propagation dynamics becomes critical.

In the past, femtosecond nonlinear pulse propagation has
been studied by spectral observations [37], [38], autocorrela-
tions [17], and cross correlations [27]. Information about the
spatial effects of nonlinear propagation have been obtained us-
ing the -scan technique [39], [40]. Although these techniques
provide important information about ultrafast nonlinear propa-
gation, they generally require assumptions about the field, and
they do not provide information about the temporal phase of
the electric field. In recent years, several advanced techniques
have been developed that provide “full-field” information
about both the amplitude and phase of the complex electric
field envelope [41]–[48]. Among these, the FROG technique
has emerged as a powerful, robust, and widely used diagnostic
in ultrafast science [49]. It presents a researcher with the
unique opportunity of directly “seeing” both the amplitude
and the phase of the pulse and enables more quantitative
comparisons with theoretical analysis. Although FROG has
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primarily functioned as a diagnostic of laser systems [50]–[52],
it also holds value as a tool for measuring nonlinear material
properties [53] and studying propagation in fibers and gases
[54]–[57].

In this paper, we present results that illustrate our use
of FROG as an advanced diagnostic tool for the study of
nonlinear pulse propagation in bulk media. We summarize
how FROG measurements have enabled us to unravel and
understand key features of the -dimensional spatio-
temporal dynamics of femtosecond laser pulses in nonlinear
media with normal dispersion [25], [58], [59]. Crucial to this
study is the high-dynamic-range measurement (and recovery)
of FROG spectrograms with total bandwidths greater than 100
nm, which we describe in Sections II and III. In addition, in
Section IV, we demonstrate how the “full-field” measurement
capabilities of FROG enable one to measure time-dependent
nonlinearities having a response time much less than the pulse
duration.

II. EXPERIMENTAL DETAILS

A regeneratively amplified Ti:sapphire laser system, oper-
ating at 1 kHz, provides the laser pulses used in all of the
following experiments. The energy per pulse at the output of
the system is 850 J. The pulses have a temporal duration of

80 fs measured at the full width at half maximum (FWHM)
of intensity and are spectrally centered at 800 nm. The near
bandwidth-limited pulses have a spectral FWHM of 12 nm.

For these propagation experiments, it is necessary to use
a measurement technique capable of resolving both the high-
and low-intensity regions of the pulse. Propagation of intense
femtosecond pulses through several centimeters of a bulk non-
linear medium such as fused silica can result in complicated
temporal and spectral intensity profiles, as well as dramatic
spectral broadening. As an example, the intensity in the wings
of the spectrum after propagation (at wavelengths that are

50 nm from the spectral peak) can be just three orders of
magnitude less than the peak intensity. Compare this to our
input pulse, where the intensity spans six orders of magnitude
over the same 50-nm spectral region. To record the information
in the spectral wings, it is necessary to have a high-dynamic-
range broad-bandwidth measurement technique such as the
second-harmonic generation (SHG) form of FROG. The-
based SHG FROG, when used in a multishot configuration,
can be more than 1000 times more sensitive than variations of
FROG based on third-order nonlinearities [49].

Details of FROG apparatus and retrieval algorithms have
been described in detail elsewhere [49], and a discussion
of SHG FROG and the experimental issues associated with
measurement of broad-band 10-fs pulses can be found in
a publication by Taftet al. [51]. Here, we discuss specific
design parameters relevant to making high-dynamic-range
measurements of complicated broad-band pulses. A diagram
of the SHG FROG apparatus is shown in Fig. 1. The pulse to
be measured is split into two replicas using a 1.6-mm-thick
beamsplitter with a broad-band Inconel coating. Front surface
metallic reflectors are used to minimize dispersion as the pulse
propagates to the frequency-conversion crystal. A 10-cm focal

Fig. 1. Schematic of SHG FROG apparatus. The beam splitter is denoted
BS. The second-harmonic crystal is a 50-�-thick piece of BBO. All other
optics are metal mirrors.

length spherical mirror focuses the two replicas of the pulse
into the second-harmonic conversion crystal, and the resulting
signal at is imaged onto the entrance slits of an imaging
spectrometer. The pulse in one arm of the interferometer is
delayed with respect to the other by a stepper-motor controlled
translation stage. The spectrum at each delay is recorded with
a thermoelectrically cooled 16-bit CCD camera. Typical peak
intensities recorded on the camera produce 50 000 counts,
while the dark current level is at 970 counts. In addition, the
noise level is 2–5 counts, providing a signal-to-noise ratio
(SNR) of better than 10 000:1.

Because of the large spectral bandwidths of the propa-
gated fields, it is important to take into account the finite
phase-matching bandwidth of the second-harmonic conver-
sion process. This finite phase-matching bandwidth arises
from a phase mismatch between the fundamental and second-
harmonic frequencies. The conversion efficiency due to phase
mismatch is given by [60], [61]

(1)

where and are the
fundamental and second-harmonic frequencies,and are
the extraordinary and ordinary refractive indices, is the
length of the crystal, and is the phase-matching angle in
the crystal. Therefore, the thinner the crystal, the larger the
range of frequencies that can be converted for a given crystal
orientation. We use a 50-m-thick piece of -BaB O (BBO),
cut at an angle of for type-I phase matching at
800 nm. The phase-matching efficiency for the crystal used
in these experiments has a FWHM of 60 nm. The pulses
measured in these experiments typically have a bandwidth
after conversion to the second harmonic of40 nm (FWHM),
thus the phase-matching bandwidth provided by this crystal
is sufficient for conversion of most of the spectrum. The fact
that the conversion efficiency is not constant over the entire
bandwidth of the pulse does not present a formidable problem
because this can be corrected by using the consistency checks
provided by FROG marginals. As has been demonstrated
previously [51], the FROG trace is corrected prior to being
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input into the retrieval algorithm by using the frequency
marginal and the autoconvolution of the pulse spectrum.
This correction eliminates bandwidth limitations due to finite
phase-matching efficiencies, as well as grating and detector
responses. Comparison of the frequency marginal with the
autoconvolution of the fundamental spectrum is also used
for alignment of the second-harmonic conversion crystal. The
angle of the crystal is tuned for the smallest difference between
the autoconvolution and the frequency marginal. At this angle,
there is optimal overlap of the conversion efficiency curve with
the second-harmonic pulse spectrum.

III. B ROAD-BANDWIDTH MEASUREMENTS

In this section, we present data that demonstrate the ability
of SHG FROG to recover broad-band temporally complex
pulses, and we illustrate how these measurements impact
development of propagation theories. In the experiments, the
amplified pulses are strongly attenuated, spatially filtered, and
focused with a cm lens to a waist at the input face of
a 30-mm-long fused silica sample. The spot size at the entrance
face of the sample is 70m FWHM, and the peak power is
5.0 MW. After passing through the sample, the light diffracts
freely over 1.5 m to the FROG apparatus where the on-axis
portion of the beam is selected with a1-mm aperture. FROG
spectrograms are recorded on a 256256 grid, with a time
step of 8 fs and a wavelength step of 0.297 nm. For each value
of the delay, the signal is averaged over 300 pulses.

Gray scale intensity plots of the measured and retrieved
FROG trace under these conditions are shown in Fig. 2. The
square root of the second-harmonic intensity is shown for
display purposes to emphasize the wings of each trace. Darker
shading corresponds to higher intensity regions, and a contour
plot with a contour interval of 40 units is overlaid on each
trace. The actual intensity values (not the square root) range
from 2 to 45 000 counts. Very good agreement between the
two traces is seen, even at the lowest intensity values. As
discussed previously, the thin second-harmonic crystal used in
these experiments enables the full second-harmonic spectrum
of the pulse to be measured.

Fig. 3 shows the spectrum recovered from the FROG al-
gorithm (dashes) and an independently measured fundamental
spectrum (solid line) corresponding to the data in Fig. 2. The
spectra are plotted on a log scale to emphasize the very
good agreement in the wings, down to the noise level of
the spectrometer. The short wavelength side of the measured
fundamental spectrum cuts off before the noise level is reached
due to the spectrum extending beyond the edge of the CCD
camera in the spectrometer. The excellent agreement between
the two spectra demonstrates the high-dynamic-range capabil-
ities of SHG FROG which make it suitable for characterizing
the broad-bandwidth pulses that can result from nonlinear
propagation.

The temporal intensity and phase of the propagated pulse
retrieved from the FROG data of Fig. 2 are shown in Fig. 4(a).
After propagation, the 80-fs input pulse has split into two
pulses of shorter time duration. The overall phase curvature
is indicative of an up-chirp across the split pulses such that

(a)

(b)

Fig. 2. (a) Measured and (b) recovered FROG traces of a temporally split
pulse. The square root of the intensity (gray scale) of the traces is plotted in
order to emphasize the low-intensity wings (lighter shading). A contour plot
with a contour interval of 40 units is overlaid on each plot.

Fig. 3. Pulse spectrum (dashes) corresponding to the recovered FROG trace
shown in Fig. 2 and an independently measured spectrum (solid line). Note
that the spectral intensity is plotted on a log scale.

the leading pulse is red-shifted spectrally with respect to the
trailing pulse. The time ambiguity inherent in SHG FROG can
be removed in three ways: 1) repeat the measurement after
chirping the pulse in a known manner, such as propagating
the pulse through a glass with known dispersion; 2) propagate
through a thin piece of glass such that surface reflections
introduce a small pulse behind the main pulse [51]; or 3) have
somea priori understanding of the processes that produced the
measured pulse. We choose the third option, using information
from our developing model of pulse propagation as described
in greater detail below [25], [59]. We note that we have also
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(a)

(b)

Fig. 4. (a) Measured and (b) calculated temporal fields. Intensity is plotted
along the left axis and is shown as a solid line. Phase is shown as points and is
plotted along the right axis. The calculated field assumes a flat-phase Gaussian
pulse as input. The experimental input peak power for (a) is 5.0 MW.

checked our assumptions with propagation through a 5-cm-
thick piece of BK-7.

Initial attempts to model propagation in this regime relied
on a simple -dimensional nonlinear Schrödinger equa-
tion [15]–[17]. Although this simple model did predict pulse
splitting, experimental data showed asymmetries in the split
pulses that the model could not reproduce [58]. Observation
of this asymmetry led to the inclusion of additional effects in
the model, such as a Raman nonlinearity, space–time focusing,
and nonlinear shock [18], [20], [24], [25], [59]. As the model
evolved, numerical results provided direction about which
experimental parameters could be varied to better test the
model itself. In this way, the model and our understanding of
nonlinear pulse propagation have been iteratively improved.
The current -dimensional model takes into account
the Raman effect, space–time focusing, nonlinear shock terms,
and third-order dispersion [25]. In addition, we have found it
necessary to include in the theoretical analysis the diffraction
of the field from the output face of the fused silica (near field)
to the FROG apparatus (far field) [62]. The field predicted by
this model is shown in Fig. 4(b). The initial condition of the
model is a real Gaussian in space and time, with spatial and
temporal FWHM equal to the measured values of the input
pulse. All other parameters are those of fused silica. As seen,
the numerical simulation correctly predicts the asymmetric
pulse splitting, and the measured and calculated phase are
also in very good agreement. The small differences between
the measured and calculated fields are most likely a result of
the experimental input pulse possessing spatial and temporal
aberrations that make it differ from the ideal transform-limited
Gaussian.

One interesting question that has previously remained unan-
swered in this regime is whether the two pulses seen in Fig. 4
undergo a secondary splitting as the input power is increased.
Our SHG FROG measurements have provided a definitive
answer to this question. As shown in Fig. 5, multiple splittings

Fig. 5. (a) Measured and (b) calculated temporal fields demonstrating multi-
ple splitting. Intensity is plotted along the left axis and is shown as a solid line.
Phase is shown as points and is plotted along the right axis. The experimental
input peak power for (a) is 5.6 MW.

Fig. 6. (a) Measured and (b) calculated spectra corresponding to the data of
Fig. 5. In (a), the solid line is the spectrum measured directly with a 0.27-m
spectrometer and a CCD, while the points are the Fourier transform of the
SHG-FROG measurement of Fig. 5(a).

do arise when the input power to the fused silica sample is
increased to 5.6 MW. Here we present both the measured
and calculated temporal intensity and phase of the field. The
corresponding measured and calculated spectra are shown in
Fig. 6. All major features, in both the time and frequency
domains, are reproduced by the theory.

We note that clear multiple splitting, as seen in Fig. 5(a),
only occurs in the far field. More generally, we have found
that the position of maximum self-focusing (which occurs in
the medium) and the position of pulse splitting are spatially
separated. The pulse first self-focuses, and then at some later
propagation distance it splits, with the distance between the
self-focusing event and the splitting being inversely propor-
tional to the input power. We have also made measurements
at even higher input powers—in the regime where the bright
continuum generation extends below 400 nm. In this situation,
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Fig. 7. Intensity (solid lines) and phase (points) of a pulse both (a) prior to
and (b) after propagation through a 1-cm sample of methanol.

we find that the the field loses the sharper details seen in Fig. 5,
and the multiple peaks coalesce toward a single broad pulse.
Further details of these spatio-temporal dynamics are reported
elsewhere [62].

IV. TIME-DEPENDENT NONLINEARITIES

In addition to nonlinear propagation dominated by instan-
taneously responding nonlinearities, FROG can be used to
study propagation when significant contributions from nonin-
stantaneous nonlinearities are present as well. Because FROG
provides a measure of the phase as well as the intensity of the
pulse, it is possible to directly observe the change in phase that
occurs as as result of the noninstantaneous nonlinear response.
Instantaneous nonlinearities are characterized by a phase shift
that directly follows the intensity of the pulse. Noninstan-
taneous nonlinearities can be expressed as a convolution of
the instantaneous nonlinear response with a time-dependent
onset function, resulting in a shift of the peak of the phase
toward the trailing edge of the pulse. In this section, we detail
measurements of a noninstantaneous nonlinear response in
methanol.

In these experiments, the unfocused beam propagates ap-
proximately as a plane wave in the sample, with a diameter of
5 mm (FWHM). The energy per pulse of 227J corresponds
to a peak power of 2.6 GW. Because of the high energy of the
pulses, the beam is not spatially filtered. The beam propagates
through a 1-cm path length of methanol that is contained in
a spectrophotometer cell. Propagation through only the two
1-mm-thick cell walls was found to have negligible effect on
the pulses at this intensity.

Fig. 7 shows the measured intensity and phase of a pulse
prior to and after propagation through the methanol sample.
The input field is shown in (a) and the field after propagation
through the methanol sample is shown in (b). In both graphs,
the solid line represents the intensity and the dots represent the
phase. The upward curvature of the phase in (a) is evidence of
an initially down-chirped input. After propagation through the
methanol, the pulse is noticeably up-chirped as a result of the

Fig. 8. Calculated field after propagation assuming (a) an instantaneous non-
linearity and (b) with inclusion of a noninstantaneous nonlinearity. Calculated
intensity is plotted as a dashed line. The calculated phase is shown as asterisks.
The calculated fields are shown along with the measured field (solid line and
points) for comparison.

positive group velocity dispersion and the positive nonlinear
index of refraction . In addition, the peak of the phase
curvature has been shifted slightly toward the trailing edge
of the pulse.

Since we have chosen conditions such that the pulse prop-
agates through the sample as a plane wave, we can model
the propagation using a simple -dimensional nonlinear
Schr̈odinger equation

(2)

The second term of this equation accounts for group velocity
dispersion, and the third term gives the instantaneous nonlin-
earity. The measured input field shown in Fig. 7(a) is used as
input to this model, with fs /cm [63] and

cm /W. The calculated field after propagation is shown
in Fig. 8(a) along with the measured field for comparison. The
calculated intensity and phase are given by the dashed line
and the asterisks respectively. The simulation was performed
using a range of different values around those found in the
literature [64], [65], and no significant difference in the fit was
observed. As illustrated by this example, the simple model,
including reasonable values for the material parameters and
an instantaneous response time for the nonlinearity, fails to
match the experimentally measured phase, especially the shift
in the phase to later times.

This shortcoming in the model can be corrected by phe-
nomenologically including a noninstantaneous response of the
nonlinearity such that the term

(3)

in (2) is replaced by [15]

(4)

where is the exponential response time of the nonlinearity.
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Fig. 8(b) shows the results of the model including the
delayed response term of (4) with fs. The measured
input field of Fig. 7(a) was again used as input to the model.
The calculated intensity is plotted as a dashed line, and the
phase is shown as asterisks. Inclusion of the noninstantaneous
response correctly predicts the observed shifting of the peak of
the phase toward the trailing edge of the pulse. The calculated
phase best matches the experimentally determined phase when
values of cm /W and – fs are used
in the model. Previous experiments by Nibberinget al. [64]
determined a value of fs for the nonlinear response
time in methanol. Future experiments are planned that will
utilize a high-power vacuum spatial filter in the laser beam
path and a flowing cell for the methanol in order to provide
a more stable beam for the SHG-FROG measurements and
reduce the uncertainty in the value of the response time.

An interesting feature of the data in Fig. 8 is the extremely
small value of the exponential response time. Response times
for electrostriction and thermal effects are on the order of
nanoseconds, molecular reorientation occurs on the order of
10 s, and molecular librations respond on a timescale of
about 100 fs [29], but all of these are too slow to explain
our observations. It may be possible that a rotational Raman
excitation is responsible for the time-delayed nonlinearity we
observe. Another possibility is that the delay arises from the
presence of a nearby two-photon absorption resonance.

Propagation in fused silica in this plane-wave regime shows
no evidence of a noninstantaneous nonlinearity [58]. If fused
silica does have a nonlinear response given by (4), the response
time is so small that the shift in the phase could not be
observed with the (relatively) long pulses we use here. Perhaps
experiments using very short, e.g., 5 fs, pulses would be able
to resolve a noninstantaneous nonlinearity in fused silica.

The data presented in this section clearly demonstrate the
value of FROG for the study of propagation in systems in
which both an instantaneous and a delayed response of the
medium are present. The FROG technique provides a way of
measuring noninstantaneous responses that are shorter than
the duration of the pulse itself. In addition, shorter pulses
could be used to interrogate media with extremely fast yet
still noninstantaneous time delays. If one wishes to look at
samples with longer delayed responses, it should be possible
to do so with a longer input pulse.

V. CONCLUSION

This paper demonstrates that FROG is not only useful as a
laser diagnostic technique, but that it can also be a powerful
tool for use in experiments involving ultrashort laser pulses.
We have shown also that SHG FROG is capable of high-
dynamic-range measurements of complicated pulses having
well over 100 nm of total spectral bandwidth. Experiments in
the pulse-splitting regime exemplify the mutually beneficial re-
lationship that is possible between experiment and theory and
demonstrate the ability of FROG to lend insight into the nature
of complex propagation problems. We have also demonstrated
the ability of FROG to follow nonlinear propagation in systems
where both instantaneous and noninstantaneous nonlinearities

are present. Clearly, the “full-field” information provided by
FROG offers an advantage over the more traditional methods
of investigating pulse propagation and should prove valuable
in understanding the physics underlying other interesting and
challenging problems in a variety of fields.
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