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Laser-Generated Waves and Wakes in Rotating Ion Crystals
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Locally excited plasma waves are generated in a Coulomb crystal by “pushing” with radiation pressure
on a rotating cloud of laser-cooled 9Be1 ions. The waves form a stationary wake that is directly imaged
through the dependence of the ion fluorescence on Doppler shifts, and theoretical calculations in a slab
geometry are shown to accurately reproduce these images. The technique demonstrates a new method
of exciting and studying waves in cold ion clouds.
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Clouds of trapped ions are routinely laser cooled to
temperatures low enough for liquid and solidlike behavior
to occur [1–4]. These so-called “Coulomb liquids” and
“Coulomb crystals” offer excellent systems in which to
perform basic studies of strongly coupled plasmas, soft
condensed matter, and atomic physics with applications
to frequency standards [5], high-precision atomic [6] and
molecular spectroscopy [7,8], low-temperature chemistry
[9,10], cold antimatter [11], and quantum information
processing [12,13].

Previously, studies of modes of oscillation in these sys-
tems have proven extremely useful, leading to new experi-
mental tools for probing and controlling clouds of cold
charged particles [14–17]. These previous studies all uti-
lized electric fields acting on the entire cloud to excite
global modes. In contrast, here we excite localized waves
by “pushing” on a cold ion cloud with the radiation pres-
sure of a focused laser beam. In these experiments, the ions
rotate relative to the push beam, and the waves interfere
“downstream” to produce a stationary wake pattern, analo-
gous to the wake behind a ship [18,19]. The technique
offers a new way to locally probe and diagnose cold ion
clouds and demonstrates a method for studying waves that
were not accessible with previous techniques. In addition,
wakes in Coulomb crystals are also a subject of current
interest in their own right [20,21], due primarily to recent
experiments in which Mach cones and wakes were gener-
ated in two-dimensional (2D) dusty plasma crystals [22].

Here, we use a cylindrical Penning-Malmberg trap
(shown schematically in Fig. 1) to confine 15 000 to 45 000
laser-cooled beryllium ions (9Be1) at a density of n �
2 3 108 cm23. The trapping fields consist of an axial
magnetic field of B � 4.465 T and an electrostatic poten-
tial of Vo � 1000 V. The radius of our clouds (Ro � 0.3
to 2 mm) is much smaller than the radius of the trap walls
(Rw � 2.0 cm), and the ions are confined to a small re-
gion near the trap center where the trap potential is very
nearly quadratic, FT �r, z� � mv2

z �z2 2 r2�2��2e (here
vz�2p � 800 kHz). In such a trap, cold ion clouds are
spheroidal in shape (i.e., an ellipse of revolution) de-
scribed by an aspect ratio a � Zo�Ro , where 2Zo is the
0031-9007�02�88(12)�125003(4)$20.00
axial extent of the cloud at r � 0 and the equation Z�r� �
6a

p
R2

o 2 r2 describes the boundary of the cloud [23,24].
Because of the crossed electric and magnetic fields pres-

ent in the trap, the ions rotate about the trap axis at the rate
vr . We experimentally control vr with a dipole “rotating-
wall” perturbation [25] consisting of properly phased
voltages applied to azimuthally segmented electrodes (not
shown in Fig. 1). The aspect ratio of the cloud is directly
related to the rotation frequency; therefore, we are able to
experimentally choose a particular cloud shape by using
the rotating wall to set the rotation frequency. For the data
presented in this paper, vr�2p ranges from 42.5 to 128 kHz
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FIG. 1. (a) Schematic of the cylindrical Penning-Malmberg
trap and imaging diagnostics. (b) Top-view image of the fluo-
rescence I�r, u� from an a � 0.042 Be1 ion crystal. The white
spot is due to the push beam and the diagonal white line is due
to a perpendicular cooling beam (not shown in the schematic).
(c) Side view image of an a � 0.042 crystal.
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with a respective range in aspect ratio of a � 0.005 (cor-
responding to a 2D single-plane disk of ions) to a � 1.0
(corresponding to a 3D spherical ball of ions). For ex-
ample, in Figs. 1(b) and 1(c) top and side-view images are
shown for a cloud with a � 0.042 and vr�2p � 45 kHz
(for both images the radial extent of the cloud Ro �
860 mm is beyond the camera’s field of view).

The ions are cooled to temperatures T & 5 mK (giv-
ing coupling parameters of G * 200) with a l � 313 nm
laser that is frequency tuned about half of a linewidth
(�10 MHz) below a resonant transition in 9Be1 [24]. The
main (axial) cooling beam has a 500 mm waist and is di-
rected up along the trap axis [as shown in Fig. 1(a)]; in
addition, there is also a cooling beam applied perpendicu-
lar to the trap axis (not shown in the schematic). The push
beam used to excite the waves is split off from the same
313 nm laser beam used for cooling, and is focused down
to a relatively narrow waist w � 50 mm. As shown in
Fig. 1(a), this push beam is directed antiparallel to the ax-
ial cooling beam and is offset from the rotation axis by an
amount Rpb which we vary from 155 mm to 450 mm.

The ion fluorescence due to the axial cooling beam pro-
vides our primary diagnostic. Two sets of lenses form top
and side-view images of this fluorescence on either a CCD
camera or an imaging photomultiplier tube. The wakes
studied here are stationary in the lab frame, allowing us
to simply collect the fluorescence continuously for about
30 to 120 s to generate an image. These images provide
information about coherent ion motion since the relative
intensity of an ion’s fluorescence is highly sensitive to its
axial velocity. In essence, we have a Doppler-velocimetry
diagnostic: ions moving towards the axial cooling beam
(here defined to be yz . 0) encounter light that is Doppler
shifted closer to the resonance peak, hence they fluoresce
more strongly; conversely, ions moving away from the
beam (yz , 0) fluoresce more weakly. For random ther-
mal motion the variations in fluorescence average out; how-
ever, for coherent ion motion these variations enable the
identification and measurement of waves and modes [17].

Figure 2(a) is an example of Doppler velocimetry for a
laser-induced wake. Here we use a gray scale to show the
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FIG. 2. (a) Differential top-view image DI�r , u� of a laser-in-
duced wake in a clockwise rotating Be1 ion crystal. (b) Average
fractional change in fluorescence DĪ�x� for the annular region
between the white circles in (a). Here, x � 0 is defined to be at
the center of the push beam. The solid curve is a fit to the data
using a damped sinusoid [Eq. (2)].
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change in fluorescence due to the laser push DI�r , u� �
I�r, u� 2 Io�r, u�; where Io�r, u� is a “background” image
taken without the push beam, and I�r, u� is taken with the
push beam [in this case Fig. 1(b)]. The white spot in the
left side of the image is due to the additional scattered light
from the push beam located at a distance Rpb � 320 mm,
whereas the downstream alternating dark and light arcs
are variations in fluorescence due to coherent ion motion.
We estimate that, in this case, the change in fluorescence
for the first peak of the wake corresponds to a change
in velocity of dyz � 1 m�s [26]. We further estimate
that this dyz corresponds to a maximum displacement of
dz � 0.3 mm [27], which is in fact much less than the
interparticle spacing of �10 mm.

The laser-induced wakes observed here are analogous to
the wake behind a ship moving in deep water [18,19]. Be-
cause of the radiation pressure, ions receive a downward
“kick” as they rotate through the push beam, similar to the
kick water experiences as it passes under a moving ship. In
both situations, the push excites a large spectrum of waves
with different wave numbers k and frequency v, which
travel in all possible directions. Wakes that are station-
ary in the frame of the source occur due to the construc-
tive interference of waves that satisfy a stationary phase
condition [18,19]. The pattern of the wake depends upon
the details of the appropriate dispersion relationship v�k�.
The analysis of a wake is simplified directly behind the
source along the direction of motion, where the stationary
phase condition is satisfied by transverse [28] waves with
a phase velocity v�k that matches the relative velocity y

of the source.
We thus obtain dispersion relationship data by analyzing

the wakes in an annular region directly behind the push
beam to obtain a wave number k � 2p�l, and then use
the relationship v�k � vrRpb to obtain a frequency v.
For example, Fig. 2(b) is a plot of the radially averaged
fractional change in intensity

DĪ�x� �
R

r dr DI�r, x�
1

2pRpb

R
dx

R
r dr Io�r, x�

, (1)

where the radial integrals are performed over the annular
region between the circles in Fig. 2(a), and x � Rpbu is
the rotational distance from the center of the push beam.
As shown by the solid curve in Fig. 2(b), the oscillating
wake is well fit by an exponentially damped sinusoid of
the form

DĪ�x� � Co 1 C1 sin�C2x 1 C3�e2C4�x�vrRpb�. (2)

Here, the C’s are fit coefficients where the wave number is
k � C2 and the damping rate is g � C4. (In the current
experiments the damping is due to the axial cooling beam.)
From the fit in Fig. 2(b) we get l � 2p�k � 185 mm,
which in turn gives v�2p � 490 kHz using the calculated
relative velocity of y � vrRpb � 90 m�s.

Dispersion relationship data obtained in this manner
are shown in Fig. 3, where the different symbols corre-
spond to different aspect ratios. Here the wave frequency
125003-2
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FIG. 3. Measured dispersion relationship for various aspect ra-
tios compared to a theoretical dispersion relationship for drum-
head oscillations on an infinite planar slab of cold magnetized
ions with thickness 2Zp .

v is scaled by the plasma frequency vp � �2vr�Vc 2

vr��1�2 [23] (where Vc�2p � 7.6 MHz is the bare cy-
clotron frequency); and the wave number k is multiplied
by half the cloud thickness at the radial position of the

push beam Zp � a

q
R2

o 2 R2
pb. For a single aspect ratio,

different wake patterns were generated by changing Rpb ,
which effectively changed the relative velocity y of the
push beam.

To obtain a theoretical dispersion relationship, we con-
sider fluid oscillations in an infinite, planar slab (i.e., a �
0) consisting of a cold magnetized ion plasma. Using the
cold-fluid equations [29] and the plasma dielectric constant
[14], and taking the plasma thickness to be 2Zp, we obtain
a dispersion relationship for waves with particle motion
perpendicular to the plane of the slab (corresponding to
axial motion in the experiments) as

tan

∑
kZpq

v2
p�v2 2 1

∏
�

q
v2

p�v2 2 1 . (3)

For comparison to the dispersion data, we consider just
the lowest-order solutions, for which the argument of the
tangent ranges from 0 to p�2. The dispersion relationship
for these drum-head-like oscillations is plotted as the solid
curve in Fig. 3, and agrees very well with the data. While
the agreement with this slab model at low-aspect ratio
is better, as expected, the reasonably good agreement at
higher aspect ratio (a � 1) is somewhat surprising. This
latter agreement indicates that the waves are excited locally
and depend essentially upon the local cloud thickness, with
little dependence on the global shape of the cloud.

To theoretically describe the experimental wake pat-
terns, we account for the nonzero size of the laser beam
and the rotation of the cloud and consider all solutions to
Eq. (3) (not just the lowest-order solutions). Working in
125003-3
a frame rotating with the ion plasma, the perturbed axial
velocity dyz�r, u, z, t�, satisfies

d �yz � �e�m�≠df�≠z 2 gdyz 1 n=2dyz

1 a�r, u 2 vrt� , (4)

where df�r,u, z, t � is the perturbed plasma potential, g

is again the damping rate due to the laser cooling, n is
the kinematic viscosity of the plasma, and a�r, u� is the
acceleration caused by the push beam. We model the ac-
celeration as being proportional to the power of a Gauss-
ian laser beam with waist w as a�r, u� � A exp�22jr 2

Rpb j
2�w2�, where Rpb � �Rpb , upb� is the location of the

push beam, r is a position vector in the plane, and A
is a scaling factor. Equation (4) is coupled to the lin-
earized Poisson and continuity equations and the system of
equations is solved in cylindrical coordinates using Fourier
Bessel transforms for a plasma slab of thickness 2Zp . To
compare to the experiments, the theoretical results are in-
tegrated in z over the plasma thickness, analagous to the
integration inherent in the experimental top-view diagnos-
tic. The resulting stationary wake pattern, as viewed in the
lab frame, is written in terms of the perturbed z-averaged
velocity 	dyz
 as

	dyz�r, u�
 �
Aw2

4

X̀
��2`

Z `

0
k dk

3
J��kr�J��kRpb�ei��u2upb�2k2w2�8

2i�vr 1 g 1 nk2

3

∑
1 2

´ 1 1
kZp

tan�kZp�
p

´ �
p

´ 2 tan�kZp�
p

´ �

∏
,

(5)

where J� is a Bessel function, and ´ � 21 1 v2
p�

��vr��vr 1 ig 1 ink2�� is the negative of the plasma
dielectric constant (including damping) evaluated at fre-
quency v � �vr .

In Fig. 4 experimental images DI�r, u� are shown com-
pared to theoretical calculations. Here we use a false-color
scale to represent the variations in axial velocity 	dyz
,
and scale each image by the value at the first peak of the
wake. (In the experimental images, the extra fluorescence
due to direct scattering of the push beam is off scale, and
this region shows up as a white spot). To obtain the theory
images we numerically perform the sum in Eq. (5) using
experimental values for w, Rpb , vr , vp, Zp, and g. The
viscosity is taken to be n � 0 since the cooling beam
dominates the damping, and g is found from the damped
sinusoid fits, such as the one shown in Fig. 2(b). The
image in Fig. 4(a) is the same as that shown in Fig. 2(a),
where the cloud is relatively thin (a � 0.042) with w �
50 mm, Rpb � 320 mm, vr�2p � 45 kHz, vp�2p �
825 kHz, Zp � 33.5 mm, and g � 2.3 3 105 s21. In
Fig. 4(c) we show the same cloud at a higher rotation fre-
quency, where it is somewhat thicker (a � 0.25); in this
case, w � 50 mm, Rpb � 178 mm, vr�2p � 60 kHz,
125003-3
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FIG. 4 (color). Scaled experimental images of wakes for
clouds with (a) a � 0.042 and (c) a � 0.25 shown alongside
corresponding theoretical calculations (b) and (d). The color
scale describes relative variations in the axial velocity of the
ions.

vp�2p � 952 kHz, Zp � 98.1 mm, and g � 1.7 3

105 s21. The theoretical calculations shown in (b) and
(d), which used the above experimental values and no free
parameters, are able to capture the qualitative features of
the experimental images very well. For instance, both sets
of images are dominated by arc-like transverse wakes; in
addition, subtle features due to lateral wakes [28], such
as the dark line that appears to split the transverse arcs
[particularly visible in Fig. 4(d)] appear in both the
theoretical and experimental images.

The experiments described here demonstrate a novel
method of exciting and studying a new class of waves in
cold ion clouds with potentially interesting applications.
For example, the method can be used as a local probe of
the cloud, providing information about such things as the
local cloud thickness. In addition, with a more focused
push beam than what was used here, it may be possible to
excite waves with wavelengths on the order of the inter-
particle spacing, which should provide a probe of the ion
correlations. Furthermore, with a slightly different setup,
correlations may also be studied by exciting (as yet unob-
served) torsional E 3 B shear modes by modulating the
power of a push beam sent perpendicular to the trap axis.
Such mode studies should be important for efforts to pre-
cisely control the rotational motion of the ions to a level
necessary for potential applications such as quantum in-
formation processing.
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