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Laser-cooled 9Be1 ions confined in two-dimensionally extended lattice planes
were directly observed, and the images were used to characterize the structural
phases of the ions. Five different stable crystalline phases were observed, and
the energetically favored structure could be sensitively tuned by changing the
areal density of the confined ions. The experimental results are in good agree-
ment with theoretical predictions for the planar (infinite in two dimensions)
one-component plasma. Qualitatively similar structural phase transitions oc-
cur, or are predicted to occur, in other experimentally realizable planar systems.

The one-component plasma (OCP) has been a
model of condensed matter in statistical phys-
ics for over 30 years, and it is used to describe
such diverse systems as dense astrophysical
matter (1) and electrons on the surface of
liquid helium (2). Laser-cooled trapped ions
(3) are an excellent experimental realization
of the OCP. The phase structures of spatially
homogeneous (infinite) (4) and cylindrical
(infinite in one dimension only) (5) OCPs
have been explored previously. Here, images
of individual ions that were confined in two-
dimensionally extended lattice planes are pre-
sented and used to characterize the structural
phases; the observed structures agree well
with the predictions of an analytic theory for
the planar OCP.

The OCP model consists of a single
charged species embedded in a uniform, neu-
tralizing background charge. In Paul (6) or
Penning (6, 7) traps, which are used to con-
fine charged particles, a (fictitious) neutraliz-
ing background is provided by the confining
potentials. The thermodynamic properties of
the infinite classical OCP are determined by
its Coulomb coupling parameter, G [
[1/(4pe0)][e2/(aWSkBT)], which is the ratio of
the Coulomb potential energy of neighboring
ions to the kinetic energy per ion; e0 is the
permittivity of the vacuum, e is the charge of
an ion, kB is Boltzmann’s constant, T is the
temperature, and aWS is the Wigner-Seitz
radius [defined by 4p(aWS)3/3 5 1/n0, where
n0 is the ion density]. The onset of short-
range order for the infinite OCP is predicted
(8) at G ' 2, and a phase transition to a

body-centered cubic (bcc) lattice is predicted
(8, 9) at G ' 170. With an OCP in a planar
geometry (infinite in only two dimensions),
boundary effects are predicted to cause the
formation of a variety of additional structural
phases, such as the hexagonal close-packed
(hcp) and face-centered cubic (fcc) phases
(10, 11). Qualitatively similar structural
phase transitions occur, or are predicted to
occur, in other planar systems with varied
interparticle interactions, such as plasma dust
crystals (12), colloidal suspensions (13),
semiconductor electron bilayer systems (14),
and hard spheres (15).

The crystallization of small numbers (total
number N , 50) of laser-cooled ions into
Coulomb clusters (16) was first observed in
Paul traps (17). With larger numbers of
trapped ions, concentric shells (18) were di-
rectly observed in Penning (19) and Paul
traps (5, 20). Recently, Bragg diffraction has
been used to detect bcc crystals (the predicted
infinite volume ordering) in large and spher-
ical (N . 2 3 105; radius r0 . 60 aWS) ion
plasmas confined in a Penning trap (4).

Measurements were taken from direct
images of the central (r 5 0) structure of
pancake-shaped (lenticular) ion plasmas
(aspect ratio a [ z0/r0 , 0.1, where 2z0 is
the plasma center’s axial extent). The cen-
tral region has a disklike geometry with
constant areal density s0 (charge density
per unit area projected onto the z 5 0
plane), which facilitates comparison with
planar theory. We observed five different
stable crystalline phases and found that the
energetically favorable central structure
can be tuned by changing s0. Both contin-
uous and discontinuous structural phase
transitions were observed.

The 9Be1 ions were confined radially in a
cylindrical Penning trap (inner trap diameter,
40.6 mm) (Fig. 1) with a uniform magnetic
field B 5 4.465 T in the ẑ-axis direction. The
ions were confined axially by a potential

difference of V0 5 21.50 kV, which was
applied between the center and end electrodes
of the trap. Near the trap center, this axial
potential is quadratic and has a value of
1/ 2(m/e)vz

2z2, where the axial frequency vz/
2p 5 978 kHz for 9Be1. The radial electric
fields of the trap, as well as the ion space
charge, cause the ion plasma to undergo an E
3 B drift and thus rotate about the trap axis.
In thermal equilibrium, this rotation is at a
uniform frequency vr. The radial binding
force of the trap is determined by the Lorentz
force caused by the plasma’s rotation through
the magnetic field. Thus, low vr results in a
weak radial binding and a lenticular plasma
with a large radius. For 104 trapped ions with
vr/2p 5 68.5 kHz (typical for this work), the
ion plasma has a density of 2.1 3 108 cm23

with 2r0 ' 1.3 mm and an aspect ratio a '
0.05. The rotation frequency was controlled
by phase-locking the plasma rotation to an
applied “rotating wall” electric field (21). At
low vr, an increase in vr increases both the
plasma density and z0, providing a way to
sensitively adjust the central areal density of
the plasma.

The ions were cooled (3) by a laster beam
propagating along the z axis and tuned 10 to
20 MHz lower in frequency than a hyperfine-
Zeeman component of the 2s 2S1/ 2 3 2p
2P3/ 2 resonance at 313 nm with a natural
linewidth of 19 MHz. The laser power was
;50 mW and was focused at the ion plasma
to a diameter of ;0.5 mm. The theoretical
cooling limit is 0.5 mK, and an experimental
upper bound of T , 10 mK has been mea-
sured (22). For a density of n0 5 2 3 108

cm23, these limits give a range of 160 , G ,
3150. A series of lenses formed side- and
top-view images of the ions, with viewing
directions that were perpendicular and paral-
lel to the magnetic field, respectively, on
either a gateable charge-coupled device
(CCD) camera or on an imaging photomulti-
plier tube. The resolution of the optical sys-
tem is ;4 mm, whereas typical interparticle
spacings are ;20 mm.

The side-view image insert in Fig. 1,
which shows the central region of a lenticular
ion plasma with three axial lattice planes, is
representative of the flatness and radial extent
(,10% of r0) of this region. At large radius,
curvature of the planes can cause the side-
view images of axial plane positions to blur.
This effect was prevented in the measure-
ments reported here by using clouds with
sufficient amounts (up to 50%) of nonfluo-
rescing impurity ions. Because these heavier-
mass ions are centrifugally separated to larger
radii than the 9Be1, the regions of the plasma
where curvature begins to be significant can
be filled with these ions, which are sympa-
thetically cooled by the 9Be1 (23).

With good alignment of the trap with the
magnetic field (,1023 rad), the ion plasma
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rotation is phase-locked with the rotating wall
perturbation (21). A direct observation of the
rotating ion structures was achieved for the
first time by gating the top-view CCD camera
synchronously with the rotating wall pertur-
bation for brief gate times (,2%) of the
plasma rotation period). Total exposure times
of ;3 3 104 rotation periods were used for
typical images (Fig. 2). For our study of the
ion lattice structure, we limited our analysis
to the central region, where strong localiza-
tion and regular ordering of the ions were
observed. At larger radius, we observed an
increased blurring (due to the plasma rota-
tion), occasional lattice distortions, and, ulti-
mately, the transition to the regions filled by
heavier mass ions.

The observed structure of the central crys-
tallized region depends on the central areal
density s0 of the plasma. Within a layer, the
lattice is characterized by the primitive vec-
tors a1 and a2 (which were observed to be
equal in magnitude, ua1u 5 ua2u [ a) or,
equivalently, by a and the angle u (#90°)
between the primitive vectors. The interlayer

structure is characterized by the axial posi-
tions zn of the n lattice planes (measured by
the side-view camera) and the interlayer dis-
placement vector cn between layers 1 and n.
Hence, the equilibrium ( x, y) positions of
ions in axial planes 1 and n are given by
R1(i, j) 5 ia1 1 ja2 and Rn(i, j) 5 ia1 1
ja2 1 cn, where i and j are integers.

Three different types of intralayer ordering
were observed: hexagonal (u 5 60°), square (u
5 90°), and rhombic (90° . u $ 65°). The
square and rhombic layers stack in a staggered
fashion, with the upper ions immediately above
the centers of the parallelograms below, result-
ing in an interlayer displacement vector c2 5
(a1 1 a2)/2. Hexagonal layers also stack with
ions above the centers of the triangles below,
but this stacking can occur in two distinct ways:
3c2 5 a1 1 a2 and 3c2/2 5 a1 1 a2. With
hcp-like stacking, the ions in every other plane
lie directly above each other (abab . . .), where-
as with fcc-like stacking, the ions in every third
plane are so aligned (abcabc . . .). When there
were three or more hexagonal layers, both types
of stacking were observed.

The following sequence of phase struc-
tures, with lattice parameters defined in Table
1, were observed as the central areal density
s0 was increased from where order was first
observed: (I) one-layer hexagonal 3 (III)
two-layer staggered square3 (IV) two-layer
staggered rhombic 3 (V) two-layer stag-
gered hexagonal. At a critical density, a third
layer was formed, resulting in a (III) three-
layer staggered square. The process then re-
peated with minor variations, such as phase
III becoming less common. We have fol-
lowed the classifications used in previous
theoretical studies of quantum (14) and clas-
sical (11) electron bilayer systems. Phase II,
which is a stable phase of the bilayer systems
where the interlayer distance is fixed, is not
listed here because it is unstable for the pla-
nar OCP, where the interlayer distance can
vary.

We have performed an analytical calcu-
lation of the energies of these phase struc-
tures for the planar OCP (24). The calcula-
tion minimizes the energy (25) of several
parallel lattice planes that are infinite and
homogeneous in the (x, y) direction but are
confined in the ẑ direction by a harmonic
external electrostatic confinement potentialFig. 1. Schematic side

view of the cylindrical
Penning trap with its
side- and top-view im-
aging optics. The insets
show the variables
used to characterize
the intra- and inter-
layer structure. The
side-view inset also
shows the central re-
gion of a lenticular ion
plasma with three axial
lattice planes. The rota-
tion frequency of the
ion plasma was con-
trolled by applying
properly phased sinu-
soidally time-varying
electric potentials to
the sixfold azimuthally
segmented compensa-
tion electrodes.

Fig. 2. Top-view ( x, y) images of the five
structural phases observed in the experiment,
with lines showing a fit of the central ions to
the indicated structure.

Table 1. Primitive and interlayer displacement vectors in the ( x, y) plane for the observed phases. The
primitive vector a1 defines the x̂ direction, and ua1u 5 ua2u [ a. Dashes, not applicable.

Phase Symmetry Stacking
Vectors

a1 a2 c2 c3

I Hexagonal Single plane (a, 0) (a cos 60°, a sin 60°) — —
III Square Staggered (a, 0) (0, a) (a1 1 a2)/2 (0, 0)
IV Rhombic Staggered (a, 0) (a cos u, a sin u) (a1 1 a2)/2 (0, 0)
V Hexagonal hcp-like (a, 0) (a cos 60°, a sin 60°) (a1 1 a2)/3 (0, 0)
Vfcc Hexagonal fcc-like (a, 0) (a cos 60°, a sin 60°) (a1 1 a2)/3 2(a1 1 a2)/3
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fe 5 1/2(m/e)vz
2z2. Because this potential is

identical to the confinement potential of a
Penning trap in the a3 0 planar limit (26),
this theory should predict the structures that
were observed in the central region of the
lenticular plasmas of the experiments. The
predictions of this two-dimensional (2D)
theory, which has no free parameters, were
compared directly with our observations by
identifying the areal density of the planar
OCP with the directly measured central
areal density s0 of the lenticular plasmas.
For a quantitative analysis of the observed
lattice structure, we performed a least
squares fit of the positions of the ions in the
central region to the relevant phases
(shown in Table 1) (lines in Fig. 2). Using
the best-fit values of the primitive vector
length a and the intralayer angle u and
using the observed number of lattice planes
n, we calculated the central areal density s0

5 n/(a2 sin u).
The agreement between the planar OCP

theory and experiment, with measurements
taken on different plasmas with N , 104,
was good (Figs. 3 and 4). As the central areal
density was increased, the lattice planes
moved farther apart axially (Fig. 3). Eventu-
ally, it became energetically favorable to
form an additional lattice plane. However,
although the phase Vfcc was predicted to be
slightly more energetically favorable than
phase V, we rarely observed Vfcc (;5% of
the time). These and other minor discrepan-
cies from theory may be due to the finite
radial extent of the ion plasma; we observed
a similar preference for hcp stacking in mo-
lecular dynamics simulations of small (N 5
3000) lenticular ion plasmas.

For the dependence of the angle u (be-
tween the primitive vectors a1 and a2) on
central areal density s0 (Fig. 4), the general
trend is that, when a new lattice plane is
formed, u changes discontinuously from
;60° to a higher value. As s0 of the crystal
was further increased, u smoothly decreased
to ;65° until there was a second discontinu-
ous transition to a hexagonal structure. This
second transition has been predicted to be-
come continuous, with u assuming all values
60° # u # 90°, in liquid (G , 80) bilayer
systems (27). At central areal charge densities
near phase boundaries, both phases can be
observed. In these regions, the phase that
materializes after the crystal is formed is
initially random but tends to persist if the ions
are not heated. Where there was no strong
preference for one phase over the other, both
were plotted (Fig. 4).

Like most materials, the hexagonal and
square phases contract in lateral directions
when elongated. However, the rhombic phase
shows quite different behavior because the
intralayer angle u strongly depends on the
ẑ-axis strain; one rhombus diagonal con-
tracts, and the second expands when the
rhombic phase is elongated in the ẑ-axis di-
rection. The dimensional change for the latter
diagonal corresponds to a negative value of
the Poisson’s ratio (which is the ratio of the
lateral contraction to the longitudinal elonga-
tion). The present experimental observations
substantially expand the mass density range
over which negative Poisson’s ratios have
been established [from ;10 g/cm3 for cubic
metals (28) and ;0.1 g/cm3 for reentrant
foams (29) to ;10215 g/cm3 for the present
ion crystals].
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Controlling Factors for the
Brittle-to-Ductile Transition in

Tungsten Single Crystals
Peter Gumbsch,* Joachim Riedle, Alexander Hartmaier,

Hellmut F. Fischmeister

Materials performance in structural applications is often restricted by a tran-
sition from ductile response to brittle fracture with decreasing temperature.
This transition is currently viewed as being controlled either by dislocation
mobility or by the nucleation of dislocations. Fracture experiments on tungsten
single crystals reported here provide evidence for the importance of dislocation
nucleation for the fracture toughness in the semibrittle regime. However, it is
shown that the transition itself, in general, is controlled by dislocation mobility
rather than by nucleation.

Some materials are brittle and shatter like glass,
whereas others are ductile and deformable. Sev-
eral materials, such as the refractory metals,
steels, and semiconductor crystals, exhibit both
types of behavior (1–5) with a brittle-to-ductile
transition (BDT ) at a characteristic tempera-
ture. A crack introduced into a material may
propagate as a brittle crack with an atomically
sharp crack front; alternatively, the material
near the crack tip may show sufficient plasticity
to slow down or arrest the crack. Crack-tip
plasticity comprises two distinct processes, nu-
cleation of dislocations at or near the crack tip
and their propagation away from the crack.
Several models describe the BDT as a nucle-
ation-controlled event (6, 7), and others focus
on dislocation mobility as the controlling factor
(8–10).

The experimental evidence on the control-
ling factors of the BDT, which has been
obtained mostly from silicon single crystals,
remains inconclusive. On the one hand, the
temperature at which the BDT occurs [BDT
temperature (BDTT)] is strongly dependent
on the strain rate, which allows an activation
energy for the BDT to be determined. This
activation energy has been shown to be equal
to that for dislocation motion (2, 8, 9), which
suggests a mobility-controlled BDT. On the
other hand, specimen size and the availability

of dislocation sources have a pronounced in-
fluence on the fracture toughness to the de-
gree that they may even switch the material’s
behavior from brittle to ductile (11).

We performed cleavage experiments on
tungsten single crystals to determine the con-
trolling factors of the BDT. To exclude distur-
bances from grain boundaries, single crystals
were chosen. Fracture toughness tests were per-
formed on all four low-index crack systems. A
crack system is specified by the nominal crack
plane and the crack front direction. The four
crack systems studied are therefore denoted as
{100},010., {100},011., {110},110.,
and {110},001. in crystallographic notation.
The temperature range covered by the experi-
ments was between the liquid nitrogen temper-
ature (77 K) and 650 K. The toughness tests
were performed on high-purity (12) tungsten
single crystal bars (3 mm by 6 mm by 30 mm)
loaded in three-point bending. To obtain a well-
defined value for the fracture toughness, a sharp
crack front was introduced by precracking at
77 K. Precrack length was evaluated from the
compliance and, where possible, was also de-
termined postmortem on the fracture surfaces,
where faint arrest lines are visible. The tests
were performed with a constant loading rate,
which translates into an almost constant stress
intensity rate of 0.10 6 0.02 MPa m1/2/s (13).
More details of the experimental procedure are
given in (14).

Multiple tests (more than five) were con-
ducted for all four crack systems at room
temperature and at 77 K. Several individual

tests at other temperatures were performed to
determine the temperature dependence of the
fracture toughness (Fig. 1). Macroscopically,
the transition from brittle to ductile response
usually correlates with the maximum in frac-
ture toughness. The temperature at this max-
imum was taken as the BDTT and was deter-
mined from Fig. 1 within 30 to 60 K (Table
1). The so-defined BDTTs fell into an inter-
val of 100 K for all four crack systems, even
though both {110} crack systems had a sig-
nificantly higher room temperature fracture
toughness than the {100} systems (Table 1).

Testing at 77 K always resulted in brittle
cleavage fracture on the precrack plane for all
four crack systems. The load-displacement
curves showed perfectly linear behavior up to
the load at which fracture occurred. The frac-
ture surfaces were clean except for a few
river lines.

At room temperature and above, most of
the fracture specimens revealed small devia-
tions from linearity in the load-displacement
curves before final fracture, indicating a lim-
ited amount of plastic relaxation. The fracture
surfaces were significantly rougher than
those of the precracks and of the specimens
tested at 77 K. Cleavage below the BDTT
was always catastrophic. No noticeable
amount of slow crack growth was observed.

The preexisting dislocation density and the
availability of dislocation sources can be in-
creased by plastic deformation before tough-
ness testing. Specimens with a {110},110.
crack system were deformed by compression
along the ,110. (long) axis at 400°C to a
plastic strain of «pl 5 0.1 before precracking.
At low temperatures the predeformed speci-
mens are significantly tougher than the unde-
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Table 1. BDTT and fracture toughness of tungsten
single crystals for the {100} and {110} cleavage
planes with different crack front directions. Frac-
ture toughness at room temperature KRT and at
liquid nitrogen temperature K77K are mean values
from at least five individual measurements (stan-
dard deviation in parentheses). Fracture toughness
is in MPa m1/2.

Crack system BDTT (K) KRT K77K

{100},010. 470 8.7 (2.5) 3.4 (0.6)
{100},011. 370 6.2 (1.7) 2.4 (0.4)
{110},001. 430 20.2 (5.5) 3.8 (0.4)
{110},110. 370 12.9 (2.1) 2.8 (0.2)
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