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Abstract 

The electrostatic modes of a cloud of ions confined in a Penning trap are 
discussed in the limit that the Debye length is small compared to the cloud 
dimensions and the cloud dimensions are small compared to the trap 
dimensions. Experimental measurements of some of these mode frequencies 
on plasmas of laser-cooled Be+ ions agree well with calculations. Observa- 
tion of the modes provides a nondestructive method for obtaining informa- 
tion on the ion density and cloud shape. In addition, excitation of the 
modes by static field asymmetries may provide a practical limit to the 
density and number of charged particles that can be stored in a Penning 
trap. 

A cloud of charged particles stored in a Penning trap can be 
considered a plasma, in particular a nonneutral plasma, 
under conditions where the Debye length A, is small com- 
pared to the cloud dimensions [l, 23. The Debye length is 
given by 

where k, is Boltmann's constant, T is the plasma tem- 
perature, no is the plasma density, and q is the particle 
charge. In this limit the density is constant in the plasma 
interior and drops to 0 at the plasma boundary over a dis- 
tance on the order of a few Debye lengths [Z, 31. The 
density is determined by the rotation frequency w of the 
plasma about the trap axis by 

no = (2) 2zq2 * 

m 4 R  - w) 

Here m is the mass of a particle and G! = qB/(mc) is the 
cyclotron frequency where B is the magnetic field and c is 
the speed of light. If the plasma dimensions are small com- 
pared to the trap dimensions, the electrostatic potential & 
of the trap may be assumed to be quadratic, 

(3) 

and the effect of image charges in the trap electrodes 
neglected. Here r and z are cylindrical coordinates and w, is 
the single particle axial frequency. When all of the above 
conditions are satisfied [A, e plasma dimensons, r # ~ ~  is given 
by eq. (3), and image charges Ldn be neglected], the plasma 
has the simple shape of a spheroid (an ellipsoid of 
revolution) [4]. The aspect ratio of the spheroid (the ratio of 
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the plasma axial extent to the plasma radial diameter) is 
also determined by the plasma rotation frequency w [4]. 
Constant density equilibria exist for w, < w < R - w, 
where w, is the single particle magnetron frequency. For w 
slightly greater than a,, the plasma is shaped like a 
pancake. As w increases, the plasma density increases and 
the plasma aspect ratio increases by decreasing the plasma 
radius and increasing the plasma axial extent. At w = R/2, 
the plasma obtains its maximum density and maximum 
aspect ratio. The condition w = R/2 is often referred to as 
Brillouin flow. At Brillouin flow the plasma behaves in 
many wa s like an unmagnetized plasma [SI. As o increases 
beyond 4 2 ,  the plasma aspect ratio and density decrease. 
Spheroidal plasmas in a Penning trap are also discussed in 
Ref. [6]. 

A surprising result is that analytic solutions exist for all of 
the electrostatic modes of a cold, spheroidal nonneutral 
plasma in a uniform magnetic field (a Penning trap plasma) 
[7-91. Some of the low order mode frequencies have been 
measured on plasmas of laser-cooled 'Be+ ions and are in 
good agreement with the calculations [SI. This paper gives 
a brief description of the low order modes and the measure- 
ments on the 9Be+ plasmas. More details can be obtained in 
Refs [7-91. These modes may be important for a number of 
Penning trap experiments. For example, observation of the 
modes can provide a nondestructive method for obtaining 
information on the plasma density and shape when other 
imaging techniques are not available. This is the case for 
antimatter [lo, 111 and electron plasmas. In addition, some 
of the plasma modes are zero-frequency modes for particu- 
lar plasma densities. Field errors in the trapping potential 
can excite these modes and enhance radial transport [ 12, 
131. Excitation of these modes may therefore set a practical 
limit on the density and number of particles that can be 
stored in a Penning trap. 

The electrostatic modes of a Penning trap plasma can be 
described, with the use of spheroidal coordinates, by two 
integers (1, m) with 12 1 and m 2 0 [7]. (Negative values of 
m are allowed, but do not give rise to new modes.) The 
index m indicates that the plasma mode displays an 
exp ( imd) dependence where $J is the azimuthal angle. The 
index 1 describes the mode dependence along a spheroidal 
surface (for example, the plasma boundary) in a direction 
perpendicular to $. The 1 = 1 modes are the familiar center- 
of-mass modes where the ion plasma keeps its same shape, 
but the center of mass of the plasma executes one of the 
three motions of a single ion in a Penning trap. For 
example, the (1 ,  0) mode is the axial center-of-mass mode at 
frequency a,. There are two (1 ,  1) modes which correspond 
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to the perturbed cyclotron and magnetron center of mass 
modes at frequencies R - w, and om. These center-of-mass 
frequencies can, in general, be measured or calculated very 
precisely. 

Excitation of an I = 2 mode produces a quadrupole defor- 
mation of a plasma in a Penning trap. For example, when a 
(2, 0) mode is excited, the plasma always stays spheroidal, 
but the aspect ratio of the spheroid oscillates in time at the 
(2, 0) mode frequency w20.  There are two (2, 0) modes: a 
low frequency mode with a frequency on the order of 
the trap axial frequency o, and a high frequency mode with 
a frequency w& on the order of the cyclotron frequency R 
The low frequency mode is called a plasma mode. In this 
mode, the axial and radial excursions of the plasma are 180" 
out of phase. The high frequency mode is called an upper 
hybrid mode. In this mode the axial and radial excursions of 
the plasma are in phase. There are three (2, 1) modes. In 
each of these modes the plasma keeps its equilibrium shape 
(for small amplitudes of excitation) but is tilted (or rotated) 
with respect to the magnetic field axis (z axis) of the trap. 
The tilted plasma then precesses about the magnetic field 
axis at the mode frequency. In a frame of reference rotating 
with the plasma, one of these modes precesses in a direction 
opposite to the plasma rotation and for a particular rota- 
tion frequency can be a zero frequency mode in the lab 
frame. This zero-frequency mode can be excited by a static 
field error [12, 131. For example, it can be excited by a tilt 
of the magnetic field with respect to the electrode symmetry 
axis. There are two (2,2) modes. In both of these modes, the 
plasma becomes an ellipsoid with unequal principal axes in 
the z = 0 plane. The ellipsoid rotates about the z-axis at the 
(2,2) mode frequency. 

Most Penning trap experiments have been done with the 
plasma rotation frequency o Q n. In the experiment of Ref. 
[8], we used radiation pressure from two lasers to remove 
energy and control the angular momentum of a plasma of 
9Be+ ions [8, 141. This enabled us to obtain rotation fre- 
quencies throughout the allowed range om c w < R - om. 
The static (2, 1) mode was excited on a plasma of 2000 'Be+ 
ions with E = 0.82T [Q('Be+)/(h) = 1.4 MHz]. This mode 
was excited by a tilt of the magnetic field when the plasma 
rotation frequency was increased to the rotation frequency 
where the (2, 1) mode is static in the lab frame. Excitation of 
this mode was detected by a change in the ion fluorescence 
produced by an accompanying heating of the ion plasma. 
Figure 1 shows the measured rotation frequency where 
heating was observed as a function of 0,. Good agreement 
is obtained with the calculated rotation frequency o at 
which wZ1 = 0. For 2000 9Be+ ions, heating from the excita- 
tion of this static mode was observed for misalignments of 
the trap magnetic and electric field axes of greater than 
0.01". We have also been able to spin up plasmas consisting 
of 40000 'Be' ions at B = 6 T [il(9Be+)/(27r) = 10.2 MHz]. 
With care we could obtain ion densities near 10'0cm-3 
when o N Q/2. For this larger number of ions with 
E = 6T, the (2, 1) heating resonance was much stronger. In 
addition, we observed other heating resonances at rotation 
frequencies less than the (2, 1) heating resonance. These 
additional resonances presumably correspond to higher 
order static resonances which have recently been calculated 
by Dan Dubin of the University of California at San Diego. 
They tend to limit the plasma density to even lower values 
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Fig. 1. Plasma rotation frequency o at which heating was observed as a 
function of the single-particle axial frequency 0,. Both frequencies are 
expressed in units of the cyclotron frequency R. The solid line indicates the 
calculated rotation frequency o at which q1 = 0. This is a universal curve 
for any charged particle species involving no adjustable parameters 

than the static (2, 1) resonance. This has important implica- 
tions for work where high densities and large numbers of 
charged particles are to be stored in a Penning trap. 

We have also detected and measured the (2, 0) plasma 
and upper hybrid modes on plasmas of a few thousand 
gBe+ ions at B = 0.82T. These modes were excited by 
applying a potential with a sinusoidal time dependence 
between the ring and endcap electrodes of the trap. They 
were detected by a change in the ion fluorescence when the 
frequency of the applied rf was resonant with the mode fre- 
quency. Measurements of the plasma mode frequency as a 
function of the plasma rotation frequency are shown in Fig. 
2 for two different trap axial frequencies. The solid line 
shows the calculated plasma mode frequency. Good agree- 
ment between the predicted and observed modes is obtained 
with no adjustable parameters. Figure 2 shows two addi- 
tional calculations. In  the first, shown as dashed lines, the 
magnetic field is assumed to be effectively infinite; that is, 
the ions are not allowed to move radially, and the mode 
frequency is calculated assuming a simple axial stretch of 
the charged spheroid. In the second calculation, shown as 
dotted lines, the magnetic field is assumed to be effectively 0. 
The (2, 0) plasma mode behaves like a mode of a strongly 
magnetized plasma at low rotation frequencies and an 
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Fig. 2. (2, 0) plasma mode frequency as a function of the rotation fre 
quency UJ for wJQ = 0.151 and o,/Q = 0.256. All frequencies are expressad 
in units of the cyclotron frequency R. The theoretical curves are therefore 
independent of the particle change-to-mass ratio. The circles and triangles 
give the experimental data. The solid lines give the cold-fluid model predic- 
tions for o;,,. The dashed and dotted lines give the high- and low- 
magnetic-field calculations for ago, respectively 
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mode frequency. These will be included in a future pub- 
lication [9]. 
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Fig. 3. Upper hybrid mode frequency a;,, as a function of the rotation 
frequency o for wJS2 = 0.151. All frequencies are expressed in units of the 
cyclotron frequency. The circles give the experimental data. The uncer- 
tainty for measurements done at low rotation frequencies is approximately 
the size of the circles. At high rotation frequencies the uncertainties increase 
because the mode becomes difficult t o  excite. The solid line gives the cold- 
fluid model predictions 

unmagnetized plasma near the Brillouin limit. Figure 3 
shows measurements of the upper hybrid (2, 0) mode along 
with calculations of this mode frequency. We could not 
excite this mode near the Brillouin limit because the mode 
becomes dificult to couple to with external fields there [SI. 
Measurement of either the plasma or the upper hybrid ( 2 , O )  
mode determines the plasma rotation frequency and aspect 
ratio. Therefore measurement of these modes may be useful 
in experiments with trapped positrons [lo] and antiprotons 
[l 11 where other nondestructive means of obtaining this 
information are not available. We have done some calcu- 
lations which provide the plasma rotation frequency (and 
therefore the density and aspect ratio) for a measured (2, 0) 
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